MODULE 2
Powers and Logs

Rules for Powers

Power and Fraction Examples

Rules for Logs

Compound Interest and Growth Factors
Continuously compounded interest




QUADRATIC FORMULA PROOF

b C
ax’+bx+c=0=>x+—x+—=0

a a
NG P L BV AL A C AL L
a a a 2a 2a
b.,, b® ¢ b*-4ac
X +—)% = ——=
( 2a) 4a’ a 4a°
b \/bz — 4ac \b? —4ac
2a 4a° 2a
X__b_+VW—4m:_—biVbAJMC

2a 2a 2a



FURTHER EXAMPLES

« SOLVING QUADRATIC EQUATIONS
WITH THE HELP OF THE FORMULA

« WATSON p.23, Set 2.8, nos.1-06.



Powers and Logs

Rules for Powers

Power and Fraction Examples

Rules for Logs

Compound Interest and Growth Factors
Continuously compounded interest




Rules for Powers

e |In addition we have
o 3+3+3+3+3+3+3 =3 x7

 In multiplication we use powers (also known as indices or
exponents) for repeated multiplication. We use the notation

3X3X3x3x3x3x3 = 37

We say that 7 is the index or exponent and 3 is the base.



* In general, we have

e 3+3+3+3+...ntImes=3 xn

* In multiplication we use powers (also known as indices or
exponents) for repeated multiplication. We use the notation

3X3X3X3X....ntIimes = 3"

We say that n is the index or exponent and 3 is the base.



Rules for Powers/Exponents

Example
32 x33=(3x3)x(3%x3x3)=3°=243=9 x27
X xX3=x1 xx3=x4

Rulel. MULTIPLICATION

amxah=am*"

A further example (1.05)19 x(1.05)12=1.0522



RULE 2. DIVISION

3 3x3x3
3* 3x3
1

NB 3—2 — 3_2

33—2 _ 31 _ 3 _ 33.3—2

1 _
More generally, —=a"™
a



RULE 3.
Raising a power to another power

(39 =(3)X(3)x(3)=(329)=3"
e More generally, (a™)"=am"

Further examples : (22)3=26=43 =64 ;

(y?)*=y® ; (1.07%)°=1.07°



Rule 4. Raising a product to a power

e (ab)M=ampm
e Examples

(Xy)® = x%y°

(1.05 x 1.07)3=1.058 x 1.073=1.12353
e (4x5)% = (4% x5%) =16 x25=400
Alternatively, (4x5)? =20%=400

e What about (aPbd)" ???



Rule 5. Raising a fraction to a power
e (a/b)™=am/p™ =amp™m
« Example

(1.05 +1.07)3=1.053 = 1.073=0.9813



Rule 6. Negative Powers

oxoxo 1 1
5X5X5X5X5 5X5 52
Using powers or exponents,
53
55

= 5% =57 using division rule

Thus, 57 = iz that is,
5

5% is the reciprocal of 5°



More Examples
4-2=1/42=1/16

4:05=1/405=1/2



More generally,

In general a™m=1/am

If a°=a3/a=a’ xa?, then a* must be 1/a
Similarly a°= 1/a?

Further examples

a’lat=a3 ; (ab3c?)/(atbc?)=a3/b*c’

What about 1/a™ ??77?



THE POWER ZERO

5x5x5
5x5x5

—53=5°=1

Thus, a_n —a’=1
a

N.B.a=0



Fractional Powers

* If a=a'=al’? xal’
« Then a'? must be that number which, when
multiplied by itself, gives a. i.e aY?=Va

o Examples
905=49=3 ; also (99-5)2= (V/9)2=9



« Similarly a3= 3Va which we call the cube
root of a

e Example

. 84/3:(3\/8)4:24:16



* In general al/m= M3
e and

o g/m= (m\/a)n



Examples

. X4/5X2/5:X6/5:(5\/X)6

o V(X#x25)= Vx4x\25 =5x2



Further results

Ja?=a ; Ja+b=+ab ;

_Jatp - VA _
aﬁ—\/ﬁ,ﬁ_\

_
a
b



Power and Fraction Examples



POWERS EXAMPLES

o EXpress as positive integers

L 125Xy" . 48x°y°7°
()2 (i)~
80Xy 21X"y’Z

12 3x°, 9y'7’

(iii)(15y3z4 75y22)+( 2X° )




FRACTIONAL POWERS
EXAMPLES

() @/, y2)".(xPy®) (i) (@ )

G (V8x®)(/6x°)
\V12x2



Powers and Logs
Rules for Powers: Summary

Rule « Example

— gMxgn=gm+n — 32 X33:35:243:9 x27
— X xx3=x1 xx3=x4

— (1.05)10 x1.05%2=1.0522
— (22)3=26=64=43

— amn:amn

- (y)=y®

— (1.07%)3=1.07°

— (4% x5%)=202=400=16 x25
— (ab)™=ampm

- Xy=(xy)®
— 1.05% x 1.073=(1.05 x 1.07)%=1.1235?

= j— - 3: 3
— (a/b)m=am/pm — 1.05%+ 1.07°=(1.05 +1.07)3=0.981



PRACTICE QUIZ 1

.« ALSOQUIZ 1



LOGARITHMS

e The logarithm of a number, b, to its base, a,
denoted as log, b, Is defined as the power,m,
to which its base, a, must be raised in order
to obtain the number. It Is an index or an
exponent.

» Ifa™=Dbthenlog,b =m
e So, logs are powers In reverse, In a sense.



Attempt the examples below using
the log definition

Log,64 =77 ;109:25 =77 ;logs6 = ??
Logs6 =77 ; log,,3 = 77
Log,1="7? ; log,,0.1 =?? ;log,,100 = ??

log,8134= 7?7 ; log,g2 = 7?



ANSWERS

Log,64 =3 ; log:25=2 ; logs,6 =1 (log, a=1)
Log,6 =% =0.5 ; log,,3=1/3 ;

Log,1 =0 (forany a) ;log,,0.1="-1;
L0g,,102=2 ; log,81%4=3/4x4 =3;

Log,,g2 = 1/7



Rules for Logarithms
Some of the proofs are In WATSON p.54

Rule 1. log,(xy) = log,x+log,y

Examples.
log,,(25x40) = log,,25+l0g,,40 = log,,1000 = 3

log;12+log,3 = log,(12 x 3) =log, 36 = 2



Rule 2. log,(x/y) = log x-log,y

Examples.
l0g,4(25/40) = 109,425 - 10g;,40

log, (12/2) = log,(12) - log, 2



Query?

What about log, (X + y)?
Certainly NOT log,x+log,y!!

What about log, (X - y)?
Certainly NOT log,x - log,y!!



Rule 3. log x¥ = y.log,x
log,,(25%x40)3 = 3xlog,,(1000) =3x3 =9

since 1000 = 103



Rule 4. log,ax=x since log,a=1

Log, =log, 36 = log, 6% =2



Change of base formula

Rule 5. log_x=log,x/log,a
N.B. log, a Is not zero
Example.

logs12 = log,,12/l0og,, 6
log, 2 = log,, 2/10g,, 6

LLog to base 10 used to be known as common
logarithms



Natural logarithms

» A special base Is base e, where e Is known
as Euler’s constant. e=2.71818.

» We write log, as In for natural log

Example. Lne3=3



Powers and Logs
Rules for Logs: Summary

Rules e Examples

~ l0g,(xy)=logyx+10g,y _ 10g,8134=3/4x4=3

— log,(x/y)=log,x-log,y

— log x=log,x/log,a = log,,1000=3

A special base is base e, _ Ine3=3

where e IS known as

Euler’s constant. — logg12+logg3=logs(12 x 3)=2

e=2.71818. We write log, -
as In for natural log



Revision Exercises

log, 64 =log, 2° =6

log: 625 = log; 5% =4

log,, 0.001=log,, (103) =- 3

log, 3+log, 12=log, (3x12=36=6%) = 2
Lne32=3/2

log,V98-log, V' 2=log, (98/2)Y2=log, 7 = 1



Powers and Logs
Rules for Logs

« Application
If S = P(1+r)", where P = initial investment;
S = future of the investment; r = interest rate

(expressed as a decimal); and T = time,
how many years does it take for an investment to

double if it Is compounding at 5% p.a.?



Investment doubles = S = 2P = P(1+r)";
(1+r)"=2; In(1+r)" = In2=TxIn(1+r) = In2
T = In2/In(1+r)

=T = In2/In(1.05) = 14.2 years

How would the answer change If we used log,,
not In ?



Powers and Logs
Rules for Logs

* Rule of 72. At a compounding
Interest rate of rx100% p.a. It takes
approximately 72/(rx100) years to
double the value of an investment.
Where does this rule come from?

I expressed as a decimal.



N.B. Below, log to base e = In

e Use your calculator to calculate the
following

In(1.1)=0.095 : In(1.05)=0.0488
In(1.01)=0.00995 : In(1.005)=0.004988
In(1.001)=0.0009995; In(1.0001)=0.000099

If r 1s very small what Is the approximate
value of In(1+r)=?



e General formula for doubling time is
T=In2/In(1+r).

 risa little more than In(1+r) from above

* \We need to replace In(2)=0.69, by a number
which is a little greater than 0.69, e.g., 0.72.



* General formula for doubling time Is
e T=In2/In(1+r) = 0.72/r approximately
e =72/r.100



Powers and Logs
Rules for Logs

e [fr=0.07 how long does it take to double your investment?
— Exact formula gives
* T=In(2)/In(1.07)=10.24
— Rule of 72 gives
o T=72/7=10.28
* Repeat the above if r=0.15 and r=0.01
— r=0.15 T=4.96 (exact formula) T=4.8 (72 rule)
— 1=0.01 T=69.7 (exact formula) T=72 (72 rule)



Powers and Logs
L.ogs
Exact Rule vs Rule of 72

Time to double

0.05 0.1 0.15 0.2 0.25

——Exact 72 Rule

0.3




APPLICATIONS

* FINANCIAL MATHS



SIMPLE INTEREST

e |=Prt (3.1
e S=P+I=P+Prt=P1+rt) (3.2

e P =S/(1+rt) (3.3)



Example 1

o P =%$1500, t = 10 years,
e r = 6% per annum.

 Calculate the simple interest
earned and the future amount.



e Simple interest =$1500x0.06x10 = $900

 Future amount =$(1500+900)= $2400



COMPOUND INTEREST

o If linvest $1 for 1 year at a rate of 10% p.a
compound interest how much will | have at the

end of one year?
- $1x1.1=$1.10 =S,
e At the end of 2 years?
$1x1.1 x1.1=9$1x1.1>=$1.21 =S,
e At the end of k years?
- $1x1.1k =S,



e |f the Interest rate was 5% how would the
above formula change?

—$1x1.05% =S,
e |If the interest was was R% (or r=R/100)?
_$1X(1+r)k — Sk

o If I invested $P at R% p.a. for k years?



Powers and Logs
Compound Interest and Growth Factors

ANSWER:

S, = P(1+r)k where r = R/100



Powers and Logs
Compound Interest and Growth Factors

e Compound interest growth formula
— S=P(1+n)7
— S=final value of investment
— P=Principal invested
— r=interest rate expressed as a decimal
— T=time
 rand T must be in the same units of time
— If ris interest p.a. then T Is years
— If r i1s weekly interest rate then T is in weeks
— If T Is quarters then r is a quarterly interest rate



Powers and Logs
Compound Interest and Growth Factors

e Growth Factor. The amount by which we
multiply the principal P to get the final value of
the investment S is called the growth factor F

e For ordinary compound interest
F=(1+r)" =S/Psince S=P(1+r)7



Powers and Logs
Compound Interest and Growth Factors

o Examples

If F=1.055 for an investment of 1 year what was the
Interest rate?

* F=(1+r)!=r=F-1=0.055=5.5% per year



If F=1.006 for an investment of 1 month, what is r
o Expressed as interest per month?
r=0.006=0.6% p.m
Expressed as interest per year?
Growth factor for one year is (1.006)12=1.0744

r=0.0744=7.44% p.a.

N.B. It is not simply 0.6% x12 = 7.2% p.a.. This
would be simple interest, not compound interest.



Powers and Logs
Compound Interest and Growth Factors

o Examples
If the growth factor for one year is F=1.07, what is the
quarterly interest rate?

* F=(1+r)". To get a quarterly interest rate we must
express T in quarters. 1 year =4 quarters, therefore
T=4. r Is Interest rate per quarter.

e F=(1+r)* = 1.07; 1+r=F14;
o r=F14-1=1.07925-1=0.017
e r=1.7% per quarter



Compound Interest and Growth Factors

 Example

 If an investment has grown from 25000 to 30000
over 30 months what is the annual compound
Interest rate?

e F =S/P = (1+r)T=30000/25000 = 1.2

e 30 months = 2.5 years; T=2.5

e 1.2 = (1+1)25 = (1+1)52 ; (1+1) = (1.2)%5;
e r=1.2%5-1=0.0756 = 7.56%



PRACTICE QUIZ 2



Compound Interest and Growth Factors

« Converting Interest rates into different time periods

Is 1% monthly compound interest equal to 12% per
annum?
No. WHY?
*Growth factor over 1 year
oF=(1+r)"=1.011%=1.1268
e|nterest rate over one year Is 12.68%



— What is 8% p.a. expressed as a quarterly
compound interest rate?

— Is 1t 8%/4 = 2%7?? NO!!l WHY?
(1+0.02)* = 1.08243216!!!
Hence, more than 8% p.a.
e r=1.0814-1=0.0194265=1.94265%
¢ (1.0194265)* =1.079999=1.08



— What 1s 8%p.a. expressed as a monthly
compound interest rate?

— Again, certainly not simply (8%/12), which
will be incorrect.

e r=1.081/12-1=0.0064=0.64%



— What I1s 8%p.a. expressed as a weekly
compound interest rate?

e r=1.08%52-1=0.0015=0.15%



Compound Interest and Growth Factors
Converting Interest rates into different time periods

 Where do these formulae come from?

— By noting that the growth factor for the same time
period must be equal irrespective of how the interest

IS expressed
« Growth Factor for 1 year
F = (1+r,); r,is annual
o Growth Factor for 1 year
F = (1+r,)>?, r, is weekly
o (L+1,) = (141,)%2 ; r=(14r,)5%-1
e r,=(1 +r,)¥52-1



Powers and Logs
Compound Interest and Growth Factors
Converting Interest rates into different time periods

* Ingeneral if the year is divided into k periods then

1+r,)k=1+r, where r, is the annual rate and r, is the
_ K a a K
interest rate for one k™ of the year

This gives
r= (1+r )1

ra= (l+rk)k'l



Compound Interest and Growth Factors
Converting Interest rates into different time periods

o Examples

If you are quoted a quarterly interest rate of
4.25%, what Is the annual Interest rate?

e r,=(1+r,)-1=(1.0425)4-1=0.1811=18.11%

If you are quoted an annual rate of 12.5% how
much is the monthly interest rate?

() rW:(1+ra)l/k-1:1. 1251/12'1
e =0.00968=0.968%



FOWEeErS anad L0gS
Compound Interest and Growth Factors
Converting Interest rates into different time periods

 If you invest $1 at an interest rate of 2% per
quarter, what is the growth factor after 7 months?

F=(1+r)T; if r is a quarterly interest rate then T
must also be expressed in quarters

« T=7/3 quarters because a quarter=3 months

F=(1.02)73=1.048



* An investment has grown from $12,500 to
$15,373 over 2 years. What is the return
expressed as a weekly interest rate?

F=15375/12500=1.23

F=(1+r)"; both T and r must be in the same units.
T=104 weeks

r=1.231104-1=0.002=0.2% per week



Powers and Logs
Compound Interest and Growth Factors

e An investment has grown from 4000 to 4200 in 30 days. If
this growth is sustained over a year how much will the
Investment be worth at the end of the year?

Growth factor for 30 days i1s 4200/4000 = 1.05
30 day return = 5%

Growth factor for one year is (1+r,) where r_ is the return
for 1 year = 365 days);

1+r, = (1.05)35/30= 181
S = P(1+r,)T = 4000x(1.81) = 7242



Powers and Logs
Compound Interest and Growth Factors

On 315t Dec 1989 the All Ordinaries Index was 1655.
On 315t Dec 1999 All Ordinaries Index was 3141.

If the All Ordinaries Index is a measure of the value of the
Australian share market, what was the growth in the
Australian share market expressed as an annual rate of
return?

Growth factor for 10 years F = 3141/1655 = 1.898
F=(1+r)"; T=10years;
r,=1.898%1-1 = 0.0662 = 6.62%



Powers and Logs
Compound Interest and Growth Factors

* You invest $5000 over 3&1/2 years and saw a growth
factor of 1.6

e What is the per annum growth rate?
1.6 = (1+r)35; r,= 1.6Y35-1 =0.1437 = 14.37%
* What was the monthly growth rate

3.5 years = 42 months
1.6 = (1+r)*; r,,=1.6Y42-1=0.0112 = 1.12%



Powers and Logs
Continuously Compounded Interest

Banks often quote interest in the following way
— 12% per annum paid monthly
— Translation You pay 1% per month

We know (1.01)1221.12

(1.01)1%=1.1268, so you are actually paying 12.68%

Bank speak 12% per annum paid weekly

Translation You pay 12/52% per week

Actual rate is (1+.12/52)°2-1=0.1273

What happens as the time period gets smaller and smaller?



Powers and Logs
Continuously Compounded Interest

12% pald per time

neriod

Time period Number of Time Effective annual
period per year rate

Year 1 12%

Month 12 12.68

Week 52 12.73

Day 365 12.747

hours 8760 12.750

minutes 525600 12.750
00 12.750




Powers and Logs
Continuously Compounded Interest
The magic number e

(1+1/2)2 2.25
(1+1/3)3 2.37
(1+1/4)4 2.44
(1+1/10)10 2.59
(1+1/100)100 2.70
(1+1/1000)000 2.71
(1+1/c0) el=2.71
(1+r/k)kas k—o e’




Powers and Logs
Continuously Compounded Interest
Continuous vs Ordinary Compounded Interest

e Ordinary r, « Continuous r
— S=P(1+r,)" — S=Perct

e Growth Factor e Growth Factor
— SIP=(1+r )T — S/P=grcT

r-C
1+r =¢

r,=e"-1

r.=In(l+r)




Powers and Logs
Continuously Compounded Interest

o Examples

— You are offered an investment at 4.5% p.a. over
4 years. If you have $11,000 to invest and the
contract specifies continuously compounded
Interest, how much do you receive at the end of
4 years?

« S=PercT; P=$11,000 r,=0.045 T=4 years
e 5=$13,169.39



— What was the monthly continuously
compounded rate for this investment?

o S=Percl; 5=13,169.39,P=$11,000 r, =7
T=48months

* r.=In(S/P)x1/T=0.00375=0.375%
 Notice that the monthly rate =annual rate/12



Powers and Logs
Continuously Compounded Interest

e Example

— If Interest Is quoted as 12% continuously
compounding what is the

o Quarterly rate?
—=0.12/4=0.03=3%

e Monthly rate?
—-=0.12/12=0.01=1%

o Weekly?
—=0.12/52=0.0023=0.23%



Powers and Logs

Continuously Compounded Interest
Suppose you have $22,500 to invest and you are offered
the following continuously compounded interest rates

— 6.5% for the 15t year
— 6.0% for the 2" year
— 5.5% for the third year
What is the value of the final investment?
— S:$22’500Xeo.065 Xeo.oa Xe0.055: 22500Xeo.065+0.060+0.055
— S=$22,500xe%18=$26,937.39

What is the continuously compounded interest rate for the
entire 3 years?

- r3year8:0.l8
What Is the average annual interest rate?
— 1,=0.18/3=0.06=6%



Powers and Logs
Continuously Compounded Interest

Repeat the previous example using ordinary compounding
Interest

What is the value of the final investment?
— 5=%$22,500%(1.065) x(1.06)x(1.055)=%$22,500x1.191
— S=%$26,797.26

What is the ordinary compounded interest rate for the
entire 3 years?

— (1+r3045)=1.191; r=0.191=19.1%
What Is the average annual interest rate?
— (1+4r)%=1.191; r,=1.19113-1=0.06=6%



Continuously Compounded Interest

« Which investment offers the highest return?

— 7.5% ordinary p.a.

— 71.2% continuous p.a.

— 1.8% ordinary per quarter

— 0.61% continuous per month



e To compare we need to convert all the interest
rates to a common base. Choose continuous p.a.

— 7.5% Ordinary; r.=In(1.075)=0.0723=7.23%
— 7.2% continuous p.a.

— 1.8% ordinary per quarter is (1.018)*-1 =0.074
ordinary p.a. r.=In(1.074)=0.0714=7.14%

— 0.61% continuous per
month=12x0.0061=0.0732=7.32%

« Highest return is 0.61% continuous per quarter
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