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Validation and Choosing the Right Model — Rober t Mark s

Simulating has some advant ages and some disadvant ages:

1. Simulation and model building can provide Sufficiency (if
you build this model, then this is the behaviour), but not
in gener al Necessity (this is the onl y model that
gener ates this behaviour : the cause).

2. But simulation is not res trict ed to a represent ative agent ;
indeed it relishes heterogeneity, diver sity.

3. And simulation encourages stochas tic, probabilis tic
model building.

NetLogo is well suited to 2. and 3. And, with BehaviorSpace,
to explor ing int eractions.
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1. Suf ficiency and Necessity

Simulations demonstr ate: exis t ence and sufficiency,

but not necessity.

Simulations can demonstr ate the untrut h of a proposition,

but not provide proofs or theorems.

Simulations cannot provide gener ality.

What, never?
Well, hardl y ever.

Does this matter?

< >
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Formal Simulation

Mat hematical “model A” compr ises the conjunction
(a1∧ a2∧ a3

. . .∧ an), where ∧ means “AND”, and the a i denote
the elements (equations, paramet ers, initial conditions, etc)
that constitut e the model.

Suf ficiency: If model A exhibits the desired target behaviour B,
then model A is suf ficient to obt ain exhibit ed behaviour B:
A ⇒ B

Thus, any model that exhibits the desired behaviour is
suf ficient, and demonstr ates one conjunction of conditions (or
model, or solution) under which the behaviour can be
simulat ed. It ’s an exis tence proof.

But if there are several such models, how can we choose among
them? And what is the necessary set N of all such conjunctions
(models)?

< >



UWS ABM Wor kshop R.E. Mar ks © 201 4 Page 4

Necessity

Necessity : Onl y those models A belonging to the set of
necessar y models N exhibit target behaviour B.

That is, (A ∈ N ) ⇒ B, and (D ∉ N ) ⇒ ⁄ B.

A dif ficult challenge: deter mine the set of necessary models, N.

Since each model is not simple: A = (a1∧ a2∧ a3
. . .∧ an), searching

for the set N of necessary models means searching in a high-
dimensional space, with no guar antee of continuity, and a
possible large number of non-linear inter actions among
elements.

< >
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Lac k of Necessity Means ...

For ins tance, if D ⇒ ⁄ B, it does not mean that all elements a i of
model D are inv alid or wrong, only their conjunction, that is,
model D.

It might be only a sing le element ak that precludes model D
exhibiting behaviour B.

But deter mining whet her this is so and which is the offending
element ak is a costl y exercise, in gener al, for the simulator.

Without clear knowledge of the boundaries of the set N of
necessar y models, it is difficult to gener alise from simulations.

< >
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Simulation Can Sometimes Demonstr ate Necessity . . .

Onl y when the set N of necessary models is known to be small
(such as in the case of DNA str ucture by the time Watson &
Cr ick were searching for it) is it relativel y easy to use simulation
to der ive necessity.

Watson & Cric k had much infor mation about the proper ties of
DNA (from other s):

when they hit on the simulation we know as the “double
helix”, they knew it was right.

But still “A structure ...”, not “The structure” in the title of
their 1953 Nature paper.

(And Kepler ’s 1605 ellipses?)

< >
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Formalisation of Validation

Let set P be the possible range of obser ved outputs of the real-
world sys t em.

Let set M be the exhibit ed outputs of the model (in any week).

Let set H be the specific, historical output of the real-world
system (in any week).

Let set Q be the inter section, if any, between the set M and the
set H , Q ≡ M ∩ H .

We can charact erise the model output in several cases.
(Mankin et al. 197 7).

< >
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Five Cases for Validation

a. no int ersection between M and H (Q = ∅ ), then the model is
useless.

b. inter section Q is not null, then the model is useful, to some degree:
will correctl y exhibit some real-world system behaviour s, will not
exhibit other behaviour s, and will exhibit some behaviour s that do
not his t oricall y occur. Bot h incomplet e and inaccurat e.

c. If M is a proper subset of H (M ⊂ H) then all the model’s
behaviour s are cor rect (match historical behaviour s), but the model
doesn’t exhibit all behaviour that historicall y occur s: accur ate but
incomple t e.

d. If H is a proper subset of M (H ⊂ M) then all historical behaviour is
exhibit ed, but will exhibit some behaviour s that do not his t oricall y
occur : complet e but inaccurat e.

e. If the set M is equiv alent to the set H (M ⇔ H), then (in your
dreams!) the model is complet e and accurat e, but might be
ov erfitt ed.

< >
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Or Graphicall y ...

(a)

H

M

(b)

H Q M

(e)

H M Q

(c)

H M Q

(d)

M H Q

Figure 1: Validity relationships (after Haefner (2005)).

a. useless
b. useful, but incomplet e and inaccurat e
c. accurat e but incomplet e
d. complet e but inaccurat e ← possibl y the bes t to aim for
e. complet e and accurat e
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Modelling Goals

One goal: to cons truct and calibrat e the model so that

M ≈ Q ≈ H : there are ver y few his t oricall y obser ved behaviour s
that the model does not exhibit,

and there are ver y few exhibit ed behaviour s that do not occur
his t oricall y.

The model is close to being both complet e and accurat e.

But in practice, a modeller might be happier to achieve case d.,
where the model is complet e (and hence provides sufficiency
for all observed his t orical phenomena), but not accur ate.

No t leas t to accommodat e lat er real-world observations.

< >
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Measures of Validity

A measure of validity which balances the Type I error of
inaccur acy wit h the Type II error of incomplet eness.

Define a metric m() (a ratio scale) on the sets.

Define inaccuracy α as

(1)α ≡ 1 −
m(Q)

m(M )
,

and incomple t eness γ as

(2)γ ≡ 1 −
m(Q)

m(H )
.

Or : m( | H − M | ), as in the SSM (see below).

< >
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Continued ...

A measure of deg ree of validation V : a weight ed av erage of
inaccur acy α and incomplet eness γ:

V ≡ β(1 −α) + (1 −β)(1 − γ)

∴ V = β
m(Q)

m(M )
+ (1 −β)

m(Q)

m(H )

(3)∴ V = m(Q)


β

m(M )
+

1 −β
m(H )




The value of the weight β, 0 ≤ β ≤ 1, reflects the tradeof f
between accuracy and complet eness.

< >
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Tr ade-of fs

Possible to reduce incomplet eness by gener alising the model
and so expanding the domain of set M until H is a proper subset
of M , as in case d.

Or by nar rowing the scope of the historical behaviour to be
modelled, so reducing the domain of H (or P).

Also be possible to reduce inaccuracy by res tricting the model
through use of narrower assumptions and so contracting the
domain of M .

If M is sufficientl y small to be a proper subset of H , as in case
c., then the model will never exhibit anhistorical behaviour.

But not guar anteed to maint ain a non-null inter section Q, and it
is possible that the process results in case a., with no
int ersection.
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Fagiolo et al. on Validation of AB Models

AB models can be charact erized as:

• bott om-up models (unlike e.g. Systems Dynamics
simulation models, or closed-for m models)

• het erogeneous agents (endowments, proper ties, memor y,
rationality, etc.)

• boundedl y rational, usually wit h adaptive expect ations

• networked direct inter actions.

Closer to dynamic, decentralized markets and economies than
tr aditional models.

See: Fagiolo G., Moneta A., & Windr um P. (2007),

< >
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Fagiolo 2

And yet reluct ance to use AB models. Why? Four key
problems:

1. no common set of the heterogeneous AB models
previousl y developed

2. (hence) lac k of compar ability across these models
wit h high degrees of freedom, hence a wide range of
outputs, toget her wit h lac k of necessity.

3. lack of standard techniques for constr ucting and
anal yzing AB models

4. the “problematic” relationship between AB models and
empir ical dat a ← this is validation.

< >
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Fagiolo 3

Some ques tions:

• Is “realis t” met hodology appropr iate?

• Should empir ical validation be the primar y basis for
accepting/rejecting a model?

• Are there other tes ts apar t from gener ating stylized facts?

• How should we calibr ate the paramet ers, initial
conditions, stochas tic variability to his t oricla data?

• How dependable are the micro and macro sty lized facts,
anyw ay?

• What if the “sty lized facts” shed no light on the
dynamics of the gener ating stochas tic processes?

• What if the “sty lized facts” are too gener al to dis tinguish
among models?

< >
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Fagiolo 4 — Issues with Empir ical Validation

Compar ing his t orical data wit h gener ated model outputs.

1. The world is comple x: a trade-of f between comple xity in
modelling (“concretization”) and reductionism
(“isolation”): where to draw the line in modelling?
Realism v. tract ability, again.

2. Friedman (1953) argued that realism was not necessar y
so long as the output allowed accur ate prediction
(“ins trument alism”), but other s seek realism in the
model and its assumptions as well as accuracy.

3. How wedded should the modeller be to a prior i
assumptions (about the goals of agents, say)? Or should
all aspects of the model be available (“pluralism”)?

4. Impor tantl y: how to choose which of several models is
bes t (t he “identification” or “under-det ermination”
problem).

< >
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Fagiolo 5

Three alter native approaches:

1. the indirect calibration approach

2. the Werker-Brenner appraoch

3. the history-fr iendly approach, and

4. the State Similar ity Measure (of mine, below).

< >
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Mont e Carlo — Probabilis tic Sampling

1. Run two simulation models for n runs (n > 50).

2. Save the relevant output data from each MC run. This
provides a distr ibution for each (stochas tic) model, A
and B.

3. Other models gener ate (via MC) other distr ibutions, or
we could have his t orical data to compare wit h.
e.g. cumulative winnings for agents with deg rees of risk
preference choosing lott eries.

4. Null hypothesis: the two means of the outputs come
from the same distr ibution: H0: µA − µB = 0.

5. Statis tical testing for the null hypothesis. Use
confidence inter vals: the chance that the difference
between the two means is not random.

< >
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Case 1: Using a GA in NetLogo to Search for Risk Profile

What is the best risk profile for an agent to hav e in a risky
world?

“Bes t” means that the agent ’s average net winnings from
choosing successive lotteries is highest: this is risky decision
making.

By “risky” is meant that both the possible outcomes and
probabilities (which might be subjective) are known.

Infor mally, it is widel y held that in a risky world, with the
possibility of the discontinuity of bankruptcy, the most prudent
risk profile is risk aversion.

< >
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A Risky Decision

Three two-pr ize lott eries with random prizes and probability :

X

x1 x2

px 1 − px

Y

y1 y2

py 1 − py

Z

z1 z2

p z 1 − p z

Calculat e the three expect ed utilities:
U (X ) = pxU (x1) + (1 − px )U (x2)
U (Y ) = pyU (y1) + (1 − py )U (y2)
U (Z ) = p zU (z1) + (1 − p z )U (z2)

Choose the lott ery I wit h the highes t expect ed utility. Win
whichever prize (i1 or i2) is realised in that lott ery, based in the
lott ery’s probability p i .

< >
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Met hodology

We use three kinds of utility function:

1. the wealt h-independent exponential function, or CARA;

2. a wealt h-dependent function, the CRRA; and

3. the DRP from Prospect Theory.

These reflect actual human decision making.

Then run comput er exper iments in which each agent
successivel y chooses among three lott eries, and is then awarded
wit h the outcome of the chosen lott ery k .

Repetition of this choice by many agents allows us use the
Genetic Algorit hm (Holland 1992) to search for the best risk
profile, where “bes t” means the highest average pay off when
chosing among lott eries.

< >
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CARA Utility Functions

The exponential CARA utility function is

(4)U (x ) = 1 − e−γx ,

where U (0) = 0 and U (∞) = 1, and
where γ is the risk aversion coefficient:

(5)γ ≡ −
U ′′ (x )

U ′(x )
.

Sign of γ Risk profile Curvature

γ = 0  risk neutral U ′′ (x ) = 0
γ > 0  risk averse U ′′ (x ) < 0
γ < 0  risk prefer ring U ′′ (x ) > 0

< >
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CRRA Utility Functions

The Constant Elasticity of Substitution (CES) CRRA utility
function:

(6)U (w ) =
w 1−ρ

1 − ρ
, w > 0,

where w is agent ’s wealt h, and ρ is the Arrow-Pr att measure of
relative risk aversion (RRA):

(7)ρ(w ) = −w
U ′′ (w )

U ′(w )
= wγ

This introduces wealt h w int o the agent ’s risk preferences, so that
lower wealt h can be associated with higher risk aversion. The
coef ficient γ is as in (5).

As ρ→ 1, (6) becomes logar ithmic: u(w ) = ln(w ), risk averse.

With w > 0, ρ > 0 is equiv alent to risk averse, while ρ < 0 is
equiv alent to risk preferring; ρ = 0: risk neutral.

< >
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The DRP function

This function is inspired by Prospect Theory (Kahnemann &
Tver sky 19 79):

(8)U (X ) =
1 − e−βX

1 − e−100β
, 0 ≤ X ≤ 100

(9)U (X ) = −δ
1 − eβX

1 − e−100β
, − 100 ≤ X ≤ 0.

β > 0 models the curvature of the function, and δ ≥ 1, the
asymmetr y associat ed wit h losses. The DRP function is not
wealt h-independent. DRP exhibits the S-shaped asymmetric
function of Prospect Theory. It exhibits risk seeking (loss
av ersion) when X is negative wit h respect to the reference point,
X = 0, and risk aversion when X is positive.

< >
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A DRP Function (δ = 1.75).

As δ→1 and β→0, the value function asympt otes to a linear, risk-
neutr al function.
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4. The Simulations

Each lott ery is randoml y cons truct ed: the two pay offs (“pr izes”)
are randoml y chosen in the inter val [−$100, +$100], and the
probability is also chosen randoml y.

Each agent calculates the expect ed utility of each of the three
lott eries, using its utility function (a function of its γ or ρ/w or (β,
δ)), and chooses the lott ery k wit h the highes t expect ed utility.
To do this, agents know the prizes and probabilities of all three
lott eries.

Then the actual (simulated) outcome of the chosen lott ery k is
randoml y realised, using its probability. The winnings of agent is
increment ed according ly. Each agent chooses 1000 lott eries.

Use an implement ation of the GA (Gilber t 2005) in NetLogo to
search for the best risk profile.
http://www.agsm.edu.au/bobm/teaching/SimSS/NetLogo4-models/DRA-CRRA-

EU-GM-revH-3l2p.html

< >
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The Results

Mean results across n Mont e Carlo runs:

Model Variable/s Mean p-value Fitness n MC runs
CARA γ 0.0064 ≈ 0 $37.65 55
CRRA ρ 19.21 0.30 $29.40 109
DRP(a) δ 1.466 ≈ 0 $37.67 55
DRP(b) β 0.0047 ≈ 0 $38.81 102
DRP(c) δ & 1.256 ≈ 0 $37.72 54

β 0.0072 ≈ 0

In DRP(a) β = 0 and search for δ.
In DRP(b) δ = 1 and search for β.
In DRP(c) search for β and δ jointl y.

In all cases the null hypothesis is risk neutrality (γ = ρ = β = 0 and δ =
1).

CRRA is the only case here where the null is not reject ed.

But the Fitness of DRP(b) > DRP(c) ($38.81 > $37.72): the GA has not
converged!

< >
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This sugges ts two fur ther models:

4. Linear, risk-neutr al

5. Clairvo yant

Model DRP(c) is unconstr ained, and so can find δ = 1 (wit h the higher
Fitness) but has not yet done so: the GA has not (yet) converged.

Strong ly sugges ts that risk neutral (with δ = 1 and β = 0) will have a
higher Fitness than $38.81.

Shor t cut : introduce the Linear, risk-neutr al model.

The Clairvo yant model has the highest possible Fitness, but requires
clair voy ance or perfect foresight.

< >
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All Models Compared

Model Variable/s Mean p-value Fitness n MC runs
CARA γ 0.0064 ≈ 0 $37.65 55
CRRA ρ 19.21 0.30 $29.40 109
DRP(a) δ 1.466 ≈ 0 $37.67 55
DRP(b) β 0.0047 ≈ 0 $38.81 102
DRP(c) δ & 1.256 ≈ 0

β 0.0072 ≈ 0 $37.72 54

Linear $39.19 102
Clairvoyant $50.25 50

So the hunch from the GA results is correct : Linear has the highest
Fitness.

To confir m: the dat a from DRP(b) and Linear are statis tically dis tinct,
using a Wilcoxen Two-Sample Tes t.

< >
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Case 2: Compar ing Sets of Time-Ser ies

Q: how can we measure the degree of similar ity of two sets of time-
ser ies?

One: the historical record of the riv alrous dance among the sellers in
an oligopoly, while

The other: the output from a (agent-based) simulation model of the
market, where each seller agent prices this week as a function of the
st ate of the market last week (or earlier).

Q: how can we output validate our model agains t his t ory?

Or : how can we der ive a deg ree of confidence in the model output?

< >
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The Issue: Heterogenous Agents and Time-ser ies Pr ices

Two reasons to compare such model output agains t his t ory:

1. To choose better paramet er values, to “calibr ate” or (more
formall y) “es timat e” the model agains t the his t orical record.

2. To measure how closel y the output reflects history, to validat e
the model.

We are int eres t ed in the second, having used machine learning (the
Genetic Algorit hm) to der ive the model paramet ers in order to
improv e each agent ’s weekl y profits (instead of fitting to his t ory) in
our agent-based model.

Figure 1 shows his t orical data from a U.S. supermarket chain’s sales of
(het erogeneous) brands of sealed, ground coffee, by week in one city
(Midg ley et al. 1997).

This simulation (which also uses the Genetic Algorit hm) was writt en
in C, not NetLogo, because we started this research before NetLogo
was available.

< >
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His t orical Data: Market Prices and Volumes

$
/l

b

lb
/w

e
e
k

2000

4000

2.00

3.00

20 40 60 80

Figure 1: Weekl y Sales and Prices (Source: Midgley et al. 1997)
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Stylised Facts of the Market Behaviour

• Much movement in prices and quantities of four brands —
a riv alrous dance.

• Patt ern: high price (and low quantity) punctuated by low
pr ice (and high quantity).

• Another four brands: stable prices and quantities

Ques tions:
What is the cause of these patter ns?

— shif ts in brand demand?

— reactions by brands?

— actions by the supermarket chain?

— unobser ved marketing actions?

< >
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Explanations?

Int eractions of profit-maximising agents, plus ext ernal or
int ernal fact ors → via a model → behaviour

Similar (qualit ativel y or quantit ativel y) to the brands ’
behaviour s of pricing and sales.

No te: assuming profit-maximising (or purposeful) agents means
that we are not simpl y cur ve-fitting or description using D.E.s.
Going beyond the riv alrous dance.

< >
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Dichotomous Price Par titioning of the Historical Data

To handle the curse of dimensionality.
$
/l

b

2.00

3.00

20 40 60 80

Figure 2: Partitioned Historical Weekl y Pr ices of the Four Brands
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A Model of Str ategic Inter action

We assume that the price Pbw of brand b in week w is a
function of the state of the market Mw at week w , where Mw in
tur n is the product of the weekl y pr ices Sw of all brands over
several week s:

Pbw = fb (Mw ) = fb (Sw × Sw −1 × Sw −2
. . .)

Earlier in the research prog ram undertaken wit h David Midgley
et al., we used the Genetic Algorit hm to search for “better”
(i.e. more profit able) br and-specific mappings, fb , from market
st ate to pricing action.

And derived the paramet ers of the model, and derived its
simulat ed behaviour, as time-ser ies patt erns (below).
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The State Similar ity Measure (SSM)

The SSM (Marks 2013) derives the distance between two sets of
time-ser ies, by calculating the sum of absolute dif ferences in
obser ved window states between the two set, so what?

First, the great er the sum, the more dis tant the two sets of
time-ser ies.

Second, we can calculate the maximum size of the summed
dif ference: zero int ersection between the two sets (no states in
common) implies a measure of 2 × S where S is the number of
possible window states, from the data.

Third, we can derive some statis tics to show that any pair of
sets in not likel y to include random series (below).

< >
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Example of a Simulated Oligopoly (Mark s et al. 1995)

Simulating riv alry between the three asymmetric brands: 1, 2,
and 5, Folger s, Maxwell House, and Chock Full O Nuts.

Week

$
/l

b

10 20 30 40 50
1.5

2

2.5

3

Figure 3: Example of a Simulated Oligopoly (Mark s et al. 1995)
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Dis tances Between History and Three Runs (Brands 1, 2, 5)

His t ory Run 11 Run 26a Run 26b

His t ory 0  82* 68 68
Run 11 82* 0 66 60

Run 26a 68 66 0 30
Run 26b 68 60 30 0

Table: Dis tances Between History and Three Runs (Brands 1, 2, 5)
(* : cannot reject the null at the 5% level)

Here, S, the maximum number of states = 48, so the maximum
dis tance apart is 96. The three Runs are closer to each other
than to the Historical Data; Runs 26a and 26b are ver y close,
onl y 30/96 = 31.25% apart.
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Testing for Randomness

SSMs
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The red lines are the CMF of pairs of sets of random series (3
ser ies, 48 observations) from 100,000 Monte Carlo paramet er
boots traps.

The one-sided confidence inter val at 1% corresponds to a SSM
of 76, and at 5% 80.

Cannot reject the null hypothesis (random sets) for Historical
dat a and Run 11; reject the null (random) hypothesis for all
ot her pairs.
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Conclusions — the State Similar ity Measure

This measure, the State Similarity Measure (SSM), is sufficient to
allow us to put a number on the degree of similar ity between
two sets of time-series which embody dynamic responses.

Such a metric is necessary for scoring the distance between any
two such sets, which previousl y was unavailable.

Here, the SSM has been developed to allow us to measure the
extent to which a simulation model that has been chosen on
some other crit erion (e.g. weekl y profit ability) is similar to
his t orical sets of time-series.

The SSM will also allow us to measure the distance between
any two sets of time-series and so to estimat e the par ameter s,
or to help calibrat e a model agains t his t ory.
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