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2.  Decision Analysis: Games Against Nature

2.1  Basic Concepts

A technique for helping make decisions, and
avoiding pitfalls.

We discuss:

• Formulating the issue.

• Identifying the alternative actions.

• Valuing the possible outcomes.
ti +2 (Not merely in monetary terms.)

• Encoding uncertainty.
→ probabilities

• Certainty equivalent.

• The value of perfect information.

• The value of imperfect information.

• Utility and risk aversion.
The utility of a lottery is its expected utility
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2.2  The Simplest Decision

The simplest decision under uncertainty — calling
a coin toss: on the toss of a coin you win $5 or
nothing.

Highlights some concepts which are useful in more
complex decisions.

Let’s start with a volunteer and ask some
questions.

• Would you pay $1 for a ticket to play the game?

• What’s the minimum you’d sell the ticket for?

• What’s the maximum you’d pay for perfect
information about the toss (from a clairvoyant)?

• And for imperfect information?

______ values this game at ___¢.

______ values perfect information at $_____

______ values imperfect information at < $_____
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Model this decision in two ways:

An Influence Diagram

“Heads”
or

“Tails”?
Payoff

Coin
tossed

That is, the toss is called, the uncertainty is
resolved as the coin is tossed, and the caller is paid
off, depending on the call and the toss.

Influence diagrams are valuable for more complex
decisions.
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and
A Decision Tree
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This shows more information than does the
influence diagram: how the payoff depends on the
call and the toss: if the call is correct the payoff is
$5, but if wrong, nothing.

Could also show the probabilities of the outcomes
from the chance nodes, which in this case, with a
fair coin, are all 0.5.
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2.2.1  Points to Ponder:

1. Probability is a state of mind (information)

2. Limit to the value of perfect information

3. Limit to the value of imperfect information
< the value of perfect information

4. Consistency check:
Certainty equivalent =

5. Risk averse or risk preferring or risk neutral?
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2.2.2  Decision Making

• Games against Nature: or decision making
under uncertainty:

• or playing against an indifferent player, called
Nature.

• we assume that Nature is not purposive or
strategic

• use influence diagrams and decision trees

• Nature and the decision maker take turns in
moving
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Why?

• Decision making is at the heart of most
technical, business and governmental
problems, not to mention one’s private life.

• Decision making requires the study of
uncertainty. There are no sure things; risk-
taking is inescapable.

— How does uncertainty affect decision-
making?

— How can one make a rational decision
without knowing exactly what consequences
will follow?

• Think of risk-taking in terms of gambles or
lotteries. Uncertainty can only be studied
formally through probability theory, the only
theory of uncertainty which has this important
property:

the likelihood of any event following the
presentation of a sequence of points of data
does not depend upon the order in which
those data are presented.
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• Probability is a state of mind, not things.

The Bayesian approach allows us to assign
probabilities in once-off situations.
What is the value to you of a single toss of a
coin: $100 if heads, nothing if tails? Define the
expected return from the single toss to be the
average return of a hypothetical series of many
tosses: $100 × ⁄1

2 + $0 × ⁄1
2 = $50. Treat unique

events as if they were played over many times.

• All prior experience must be used in assessing
probabilities. (Coins are almost always fair;
it’s warm enough to go to the beach most
weekends in March in Sydney.)

• Decision making requires the assessment of
values as well as probabilities.
Would you pay as much as $50 to play in the
once-off coin toss? Few people would; most
people would pay a premium to reduce their
risk: they are risk averse, and would sell their
lottery ticket at something less than $50; the
lowest selling price is their certainty equivalent.
The risk premium equals the expected return
less the certainty equivalent, when selling.
Risk aversion can be defined and measured
using utility theory.
(from von Neumann & Morgenstern)
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• Decisions can only be made when a criterion is
established for choosing among alternatives.

The utility of a lottery is its expected utility.

(by the definition of utility)

• The implications of the present for the future
must be considered. What discount rate to use.

• Must distinguish between a good decision and a
good outcome.
Prudent decision-making doesn’t guarantee the
desired outcome invariably, but should improve
the odds.

• Often we can, at a cost, reduce our uncertainty
about Nature’s future events (using market
research, forecasting, statistical analysis).
There must be a limit to what we should spend
in these endeavours—how much is it?

The value of perfect information. (VPI)

• The value of imperfect information is less.

Often we can, at a cost, buy more certainty
about the future (pay an insurance premium,
buy a hedge against future outcomes).

What is a fair price to pay?
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2.3  Example 1: Coin Tossing

Coin tossing is one of the simplest decisions.

• on the fall of the tossed coin, Miriam stands to
win $50 or nothing.

• How much would you pay to play this game?
Most people would pay no more than $25—the
expected or long-run return from the game—
indeed most people would not even pay that.
Most people are risk averse.

• It turns out that Miriam would pay no more
than $24 to play the game, (she would sell her
ticket to play the game if offered at least $24).
Miriam, too, is risk averse: she’s prepared to
forgo $1 in the expected, long-run payoff to
avoid the uncertainty of the game.

• Her risk premium is $1 in this game.

• Individuals more likely to be risk averse than
firms, whose diverse and widely drawn
ownership means they likely to be nearly risk
neutral.
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• Paying anything to play the game is a sunk
cost, an irreversible allocation of scarce
resources.

• If Miriam is offered perfect information about
the toss? (what if Joe tosses the coin, catches
it, and covers it without Miriam’s seeing it?
Then, after looking himself, could tell Miriam
truthfully whether it’s head or tails.)

• The game becomes a sure thing. Miriam would
accept the information if free, correctly call the
coin, and pocket the $50, (unless she was a
rabid gambler).

• The maximum Miriam should pay for this
perfect information? (It may seem that this is
simply a function of Miriam’s attitude to risk,
which is true, but we have sufficient
information about her preferences, to
determine from her answer whether she’s being
consistent.)

• If she paid up to $26, she’d be being consistent,
since she’d sell the lottery for $24 to end up
with $24 for certain: paying $26 for perfect
information gives the same outcome.

• If Joe told Miriam that he would lie with a
probability of ⁄1

3, how much would she pay for
information, now imperfect? Less than $26.
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This example contains three things which are
found in much more complex decisions:

1. Consider the three elements of a decision
identified here:

• actions are her moves after she’s made
her decision, literally calling the toss: In
this case the actions were what Miriam
could call: “Heads” or “Tails”.

• events are Nature’s possible moves, the
state of the tossed coin: The events were
the two possibilities: Heads or Tails.

• outcomes are the returns after both
players have moved—Miriam has called
and the coin tossed—and the uncertainty
is resolved: in this case either $50 for a
correct call or nothing.

2. Miriam’s attitude to risk, revealed when she
announced the minimum she was prepared
to sell the ticket for.

3. The value of information, limited by the
value of perfect information, a function of the
probabilities and payoffs, as we’ll see below.
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2.4  Influence Diagrams

An influence diagram provides a simple graphical
representation of a decision problem. It contains
at least three elements, linked with arrows to
show the specific relationships among them:

• Decisions are represented by squares or
rectangles.

• Chance events (the uncertainty of which will be
resolved before the payoff) are represented by
circlesN or ellipses.

• Values or payoffs are represented by rectangles
with rounded corners:

Influence diagrams provide a snapshot of the
decision environment at one point in time.

They are not flow charts or diagrams.

They cannot contain cycles.

The arrows must indicate how uncertainty is
revealed (all will be revealed before the final
payoff, but decisions are made with some
uncertainty remaining).
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Miriam’s influence diagram is the simplest kind: a
decision (calling the toss of the coin) before the
uncertainty of the toss is revealed and the payoff
made:

Miriam’s
call

Payoff

Coin
tossed

Coin Tossing

Note that there is no arrow from the decision node
to the chance node: Miriam’s call has no effect on
how the coin lands.

Although we do not include Miriam’s choices or the
possible outcomes of the toss or the possible
payoffs as combinations of choice and outcome,
they are there implicitly, and will be input when
we use the DATA computer program to model
decisions.

Later we look at the influence diagrams of more
complex decisions, with information helping the
decision-maker.
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2.5  Decision Trees

A decision tree is a flow diagram that shows the
logical structure of a decision problem. It is a
visual aid to lay out all the elements of a decision.
It contains four elements:

• Decision nodes, , which indicate all possible
courses of action open to the decision maker;

• Chance nodes,N, which show the intervening
uncertain events and all their possible
outcomes; i.e., Nature plays

• Probabilities for each possible outcome of a
chance event; and

• Payoffs, which summarize the consequences of
each possible combination of choice and chance.

Decision analysis forces you to think carefully
about:

• the true nature of the decision problem;

• the role of chance; and

• the nature of the sequential interaction of
decisions and chance events.
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Miriam’s decision tree looks like this:

M

NN

$0$50 $0 $50

“Tails”“Heads”

Heads
⁄1
2

Tails
⁄1
2

Heads
⁄1
2

Tails
⁄1
2

Coin Tossing
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• In Miriam’s coin-tossing game the probabilities
were easy to work out—after all, we’ve all
tossed coins.

• in many decisions, you may have to derive the
probabilities by prior experiment, where
possible, or by simply making a best estimate
based on any prior experience

• Imperfect information is not as valuable as
perfect information.
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Example: weather forecasts

• The value of weather forecasts varies from
company to company and from person to
person.

• depends upon the company’s or person’s
abilities to take actions in response to forecasts
to reduce losses or to increase profits.

• e.g., a local department store will have to
decide when to phase out their summer fashion
range and highlight the winter range.

• Sometimes choosing when to act is done by
custom or convention, sometimes by watching
rival stores.

• But it can also be decided using decision
analysis.

Q: If accurate weather forecasts were available for
a price, what should the store pay for them?

A: No more than the higher profits it could earn
by taking advantage of the information.
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Apart from the weather, in their games against
Nature managers are concerned about such
uncertainties as:

• the future demand for a particular product

• the cost and reliability of untried technology

• the levels of future interest rates

• the levels of future exchange rates

None of these is a simple “High” versus “Low”
type: you can’t simply say that the future demand
for a product, say, will be High or Low.

Rather than trying to identify all possible levels,
you can determine thresholds, or points at which
the prudent decision changes from one action to
another, using sensitivity analysis.

Moral: There are no payoffs for spending more
time and money to obtain more information than
you really need.
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2.6  Example 2: The Shoe Decision

The Player: Laura, a divisional manager of a large
department store,

Her decision: must decide on the new season’s
range of styles of footwear.

She has a choice of actions:

• the “Trad” range, not risky, could cater to a
traditional segment of the market
For the budgeted investment in this range, a
net return of $200,000.

• the “Retro” range, risky, a new range of 1940s
retro shoes.

— if it’s a goer, the net return will be $240,000,
but

— if it’s a fizzer, she’ll net only $150,000.

— Laura believes that the probability of
success of Retro is only 0.4,

— with a probability of 0.6 it’ll fizzle.
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2.6.1  The Influence Diagram for Laura’s
Decision:

Laura’s
decision

Payoff

Market
demand

Very similar to the influence diagram of Miriam’s
coin-tossing decision.

Since Laura’s decision of which fashion line to go
with does not influence the market outcome
(whether or not Retro will be a success), there is no
arrow from the decision node to the chance node.

And since Laura will choose the line before she
knows how the market will respond to it, the
arrow from the chance node goes to the payoff
node.
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Possible to consider the decision in more detail:

— what prices to charge for the new line;

— how this affects the numbers sold and so the
revenues;

— how the uncertainty over the fixed costs of
setting up the new range and the uncertainty
of the costs of production and promotion will
impact on the profit.

Price

Units
sold

Fixed
costs

Variable
costs

Laura’s
decision

Profit

Revenue Cost

The double circles are deterministic nodes: given
the inputs from the predecessor (upstream) nodes,
the outcome of the deterministic node can be found
immediately.
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After the conditioning variables of the decisions
and the chance events are known, there is no
uncertainty.

Deterministic nodes are useful in simplifying an
influence diagram.

2.6.2  The Decision Tree for Laura’s Decision:

L

$200N

$150$240

TradRetro

Goer
0.4

Fizzer
0.6
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With the payoffs and probabilities, Laura can
calculate:

• the long-run, expected return of Retro, the
payoffs weighted by the probabilities:

$240,000 × 0.4 + $150,000 × 0.6 = $186,000.

• which is less than the certain return of
$200,000 for Trad.

A risk-neutral or risk-averse decision maker would
opt for Trad.

With a complex decision, a risk-neutral decision
maker will choose:

• the action associated with the maximum
expected return at every stage of a complex
decision,

• allows us to “prune” branches on the decision
tree associated with sub-maximal expected
returns.
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2.6.3  The Value of Perfect Information

Laura could reduce uncertainty through
information gathering:

• Laura could employ a market-research firm to
test for the acceptance and demand for Retro.

• If totally reliable (no errors), then

— if “Retro is definitely a goer”, then a return
of $240,000, less costs

— if the Trial is negative, then a net return of
$200,000 with Trad

Laura has two decisions to make:

1. Whether or not to Trial, which is related to
the cost of the Trial.

For a given cost, should she Trial?

If not, then the decision is as before: Trad or
Retro?

2. If she buys the Trial, what’s the most she
should pay for it?

To answer this, we need to examine her best
choice with the Trial: Trad or Retro?

The value of information is the difference between
Laura’s expected returns with the Trial and
without the Trial.

If the Trial is 100% reliable, then this is the value
of perfect information. (VPI)
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Market
Trial

Market
demand

Trial or
Trad or
Retro?

Trad or
Retro?

Payoff

The dotted arrow from the Market Trial chance
node to Laura’s second decision represents the
information (perfect or not) that she receives from
the Trial.

That information in turn is influenced (perfectly or
not) by the actual Market Demand.

What Laura would like to know is what a specific
piece of information implies for the eventual
market demand for Retro, that is,
Prob (Retro is a Goer | Trial indicates it will be )

With perfect information, this probability is 1.
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The new decision tree, including the test
marketing decision:

L

L N

$200N

$150$240

L L

N $200

$240

$200 $150

No Trial

TradRetro

Goer
0.4

Fizzer
0.6

Trial

“Goer”
0.4

“Fizzer”
0.6

Retro Trad

Goer
1.0

T R

The Shoe Decision with Perfect Information

(Remember: the Trial is 100% accurate.)

R.E.Marks  1998 Lecture 6-28

The new decision tree has four decision nodes:

1. whether or not to test,

2. which range to choose if the test shows that
Retro is a goer,

3. which range to choose if the test says Retro is
a fizzer, and

4. which range to choose without testing.

How many chance nodes?

• Possibly three: the outcome of the test, and the
outcomes if she chooses Retro.

• But if the test is 100% reliable, it would rule
out any uncertainty about Retro, one way or
the other, and so the third chance node
disappears.
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The second, third, and fourth decision nodes are
trivial:

2. choose Retro if the test says it’s a goer,

3. otherwise choose Trad,

4. or choose Trad if Laura chooses not to test.
(Without testing, Trad pays $200,000, which is
better than the $186,000 expected from Retro.)

What is Laura’s estimate of the probability of the
test coming up with Retro as a goer?

Well, her “prior” that Retro will be a goer is
probability 0.4;

And consistency dictates that this is also her belief
that testing will give the result that Retro is a
goer.
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Laura’s expected return from the Trial:

$240,000 × 0.4
(the Trial indicated that Retro is a goer and
Laura chooses Retro)

+ $200,000 × 0.6
(the Trial indicated that Retro will fizz and
Laura chooses Trad)

= $216,000

Her expected return of No Trial:

= $200,000 from choosing Trad

(which is higher than the expected return of
$186,000 of choosing Retro),

∴ The maximum Laura would be prepared to pay
for the Trial is:

$216,000 – $200,000 = $16,000.

This is the value of perfect information in this
decision;

The value of imperfect information would be less
than $16,000.


