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Powers and Logs
Compound Interest and Growth Factors

General Compound Interest Formula
S+=P(1+r)!
where P = 1nitial principal
S+ = final amount after T periods

r = rate of interest per period
expressed 1 % terms

and T 1s the number of periods.




Powers and Logs
Compound Interest and Growth Factors

* Compound interest growth formula
— S=P(1+n)T
— S=final value of investment
— P=Principal invested
— I=Interest rate expressed as a decimal
— T=time
* I and T must be in the same units of time
— If'r 1s interest p.a. then T 1s years
— If r 1s weekly interest rate then T 1s in weeks
— If T 1s quarters then r 1s a quarterly interest rate



Powers and Logs
Compound Interest and Growth Factors

* Growth Factor. The amount by which we
multiply the principal P to get the final value of
the investment S is called the growth factor F

* For ordinary compound interest
F=(1+r)T =S/P since S =P(1+r)T



Compound Interest and Growth Factors

* Converting Interest rates into different time periods

Is 1% monthly compound interest equal to 12% per
annum? We have already seen this before?
*No. WHY?
*Growth factor over 1 year
F=(1+r)'=1.011>=1.1268
Interest rate over one year 1s 12.68%
*(NOT 12% per annum!!)



Compound Interest and Growth Factors
Converting Interest rates into different time periods

e Where do these formulae come from?

— By noting that the growth factor for the same time
period must be equal irrespective of how the interest

1s expressed
Growth Factor for 1 year : F = (1+r,);
I, 1s annual interest rate paid or compounded once a year
Growth Factor for 1 year
F = (1+r,)>?, r,, is weekly
(14+1,) = (141,)%2 5 1 =(140, 3215 1, ~(L +ry) V51



F=(1+r,)?,
I, 1s semi-annual rate of interest
o (14ry) = (14ry)? ; r=(1+ry)*-1
* rs — (1 +ra)1/2'1
» Similarly, Quarterly r = (1 +r,)"4-1
« Monthly r, = (1 +ry )/12-1



Powers and Logs
Compound Interest and Growth Factors
Converting Interest rates into different time periods

 In general if the year is divided into K periods then

(141 )¢ = 1+r, where r, is the annual rate and r, is the
interest rate for one k™ of the year

This gives
r,= (1+r)tk-1

r,= (1+r )1



Nominal and Effective annual rates of interest

Banks often quote interest in the following way

12% per annum paid monthly (or compounded monthly).
Translation You pay 1% per month

We know (1.01)1%1.12

(1+0.01)!2=1.1268, so you are actually paying 12.68%
p.a., which 1s known as the effective annual rate of interest.

The 12% p.a. mentioned above is called the “nominal
annual rate of interest”.



Another example

» Bank speak 12% per annum paid weekly
» Translation You pay 12/52% per week

* Actual rate or effective annual rate 1s
(1+.12/52)>%-1=0.1273

* Again, the 12% p.a. 1s called the nominal
annual rate of interest.



General Result

» The effective annual rate of interest, r.,
corresponding to a nominal annual rate of
interest, r, paid or compounded k times a

year 1s
. r,=(1+r/k)k-1



QUESTION

* What 1s the effective annual rate of interest
corresponding to 12% per annum paid or
compounded annually?



Powers and Logs
Continuously Compounded Interest
The magic number ¢

(1+1/2)? 2.25
(1+1/3)} 2.37
(1+1/4)* 2.44
(1+1/10)10 2.59
(1+1/100)100 2.70
(141/1000}1000 2.71
(1+1/00) e!=2.71828
(1+r/k)k as k—>o0 e’




Exponential constant e

e = L1m(1+—)

X—>00



CONTINUOUS COMPOUNDING

« S=P.e*! where rc is the continuous rate
of interest per period and T 1s the number of
periods



Powers and Logs
Continuously Compounded Interest
Continuous vs Ordinary Compounded Interest

* Ordinary r, » Continuous I,
— S=P(1+r,)T — S=PereT
 Growth Factor  Growth Factor
— SIP=(1+r,)T — §/P=¢reT
l+r =e"
rr=e°-1
r.=In(l+r))




Powers and Logs
Continuously Compounded Interest

« Examples

— You are offered an investment at 4.5% p.a. over
4 years. If you have $11,000 to invest and the
contract specifies continuously compounded
interest, how much do you receive at the end of
4 years?

« S=Pe’T; P=§11,000 r.=0.045 T=4 years
« S=Pel04x4 = §13,169.39



— What was the monthly continuously
compounded rate for this investment?

« S=Pe'T; S=13,169.39,P=$11,000 r, =?
T=48months

* r=In(S/P)x1/T=0.00375=0.375% per month
 Notice that the monthly rate =annual rate/12

* N.B. Remember we could not do this 1n the
case of ordinary compounding!!



Powers and Logs
Continuously Compounded Interest

* Example

— If interest 1s quoted as 12% continuously
compounding what 1s the

 Quarterly rate?
—=0.12/4=0.03=3%

* Monthly rate?
—=0.12/12=0.01=1%

* Weekly?
—=0.12/52=0.0023=0.23%



Powers and Logs

Continuously Compounded Interest
Suppose you have $22,500 to invest and you are offered
the following continuously compounded interest rates

— 6.5% for the 1%t year
— 6.0% for the 2" year
— 5.5% for the third year
What 1s the value of the final investment?
— S=$22.500xe0-065 %006 50.055= 22 5()()x0-065+0.060+0.055
— 5= $22.500%e"18=$26,937.39

What is the continuously compounded interest rate for the
entire 3 years?

— Myears—0-18
What 1s the average annual interest rate?
— 1,=0.18/3=0.06=6%



Powers and Logs
Continuously Compounded Interest

Repeat the previous example using ordinary compounding
interest

What is the value of the final investment?
— 5=%$22,500x(1.065) x(1.06)x(1.055)=%$22,500x1.191
— 5=$26,797.26 (Any remark??)

What 1s the ordinary compounded interest rate for the
entire 3 years?

— (14r35e0)=1.191; r=0.191=19.1%
What 1s the average annual interest rate?
— (1+ry)’=1.191; r,=1.191"3-1=0.06=6%



Continuously Compounded Interest

* Which investment offers the highest return?

— 7.5% ordinary p.a.

— 7.2% continuous p.a.

— 1.8% ordinary per quarter

— 0.61% continuous per month



r, =In(l+r,) ;r,=¢e*- 1

* To compare we need to convert all the interest rates to a
common base. Choose continuous p.a.

— 7.5% Ordinary; r_=In(1.075)=0.0723=7.23% p.a.
— 7.2% continuous p.a.

— 1.8% ordinary per quarter is (1.018)*-1 =0.074 ordinary
p.a.; r.=In(1.074)=0.0714=7.14% p.a.

— 0.61% continuous per month means
12x0.0061=0.0732=7.32% p.a.

« Highest return 1s 0.61% continuous per month



Functions
[inear

A function 1s a rule for calculating the value of
one quantity from the value of another quantity.

Typically we use the letter X for the input and the
letter y for the output.

X 1s often referred to as the independent variable
and Y 1s often referred to as the dependent
variable.

Note usually we use y =f(X) or y(X) to denote the
output variable



EXAMPLES

e y=1(x)=2x+5

« y=f(Xx)=x? +3x+8



DOMAIN OF A FUNCTION

e The DOMAIN of a function 1s the set of
values that x can assume, 1.¢., the set of
numbers for which the function 1s defined.



RANGE OF A FUNCTION

* The set of values that y takes for all x in the

domain of the function 1s called the
RANGE of the function.



Example

* Demand of a product (Q) may be related to
the price of a product (P) by the function
given Q=15-2P.

* This function 1s a rule for calculating an
output Q given an input P.

* Domain and range of this function?



Functions

Linear
« Example y=2x-3
X y
-1 -5
0 -3 15 y=2x-3
1 -1 - 5 //
2 1 —50 2 4 ‘
3 3 X
4 5
5 7




Functions
[inear

 General Form

— A straight line 1s uniquely defined by two points, i.e. there is
only one straight line that will connect two points

— A straight line 1s generally written in the following form

y=mx+b

— m 1s the slope or gradient
— b is the vertical intercept

— Often we are given m and b but we can
calculate them from any two points.



Functions
Linear

Suppose we have two
points (X;,y;) and (X,Y,)

m=rise/run=A4y/ Ax I

Ay=(y,-y)=(9-1)=8 0 6.9) /
AX=(X,-X,)=(6-2)=4

m=8/4=2 5 Ay=8
Recall y=mx+b =b=y-mx 21) Ax=4 }
Choose any point e.g.(2,1) A T
~ b=12x2=23 EEZAREERERRE
Equation of line X

— y=2X-3



Functions
[inear

Example

— Demand for products generally decrease as price increases.
Suppose that you are told

* When the price is $100 the demand will be zero
« When the price is $10 the demand will be 75 units
— Write down an expression which relates price P to demand Q
* Let (X,,y,)=(100,0) and (X,,y,)=(10,75)
Ay=T75-0=75; Ax=10-100=-90
m=75/-90=-0.83
b=y-mx=0-(-0.83x100)=83
y=83-0.83X;
Q=83-0.83P
— What will the demand be when P=$20?
* Q=83-.83x20=066.4



Functions
[Linear

* Example

— The demand function is such that when the price 1s $80
the demand 1s 0 while when the price is $0 the demand
1s 180. Write down the function which relates price P
to demand Q

* Let (X;,¥,)=(80,0) and (X,,y,)=(0,180)
« Ay=180-0=180; Ax=0-80=-80

* m= 180/-80 =-9/4

e b=y-mx=180 - (- 9/4x0) = 180

* ORb=0-(-9/4x80)=180

« Q=180-9/4P



QUESTION 7

* (a) Suppose that demand for refrigerators
decreases by 5 units for every increase in
price of $200 and that when price equals
$6000, demand 1s zero. Suppose further that
demand (Q,) and price (P) are linearly
related. Develop a relationship for demand

(Qy) as a function of price (P). Your answer
should be in the form of Q;=m + bP



SOLUTION

Note that b now denotes slope and m
denotes the y-intercept.

Slope b =-5/200 = - 0.025
Qg =m+bP; 0 =m + (- 0.025x6000)
m = 150

Q, = 150 -.0.025P



* (b) Suppose that the quantity of refrigerators
supplied (Q,) 1s zero for the price less than or
equal to $200 and that for each $100 increase in
price the quantity supplied increases by 10 units.
Suppose further that supply (Q,) and price (P) are
linearly related. Develop a relationship for supply
(Q,) as a function of price (P). Your answer should
be in the form of Q,=m + bP



SOLUTION

Q¢=m + bP

Slope b=10/100 = 0.10
Q;=m+bP; 0 =m + (0.10x200)
m = - 20

= -20+0.10P

S



» © The market for refrigerators 1s said to be
in equilibrium when the quantity demanded
(Qy) equals quantity supplied (Q,). What 1s
this equilibrium quantity and what is the
price of refrigerators at this quantity?



SOLUTION

* For equilibrium, Q, = Q,
¢ 150-0.025P = -20+0.10P

« 0.125P=170; P =170/0.125 = 1360
* Q;=150-0.025x1360 =116

¢ Q,=-20+0.10x1360=116
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Functions
Linear

« Example

— Manufacturing costs are made up of a fixed component

and a variable component. Suppose fixed costs are
$105,000 while the variable costs are $2.75 for each
unit produced. Write down an expression which relates

quantity Q to cost C in the form C=b+mQ
* M=slope=4C/A4Q=2.75/1=2.75
* b is the vertical intercept, 1.e., the cost when Q=0
* b=105,000
« C=105,000+2.75Q



Functions
Linear

« Example (continued)

— Revenue 1s equal to the quantity of units sold times the
price at which those units were sold 1.e. R=QxP.

— Suppose the selling price is $3.95. How many units must
be sold to break even?

— Break-even when profit (Pr) is equal to 0, where Pr=R-C
— Pr=R-C=0 when R=C; R=3.95Q & C=105000+2.75Q

— 3.95Q=105000+2.75Q = 1.20Q=105000

— Q=105000/1.2=87,500



Functions
Quadratics

Suppose demand i1s related to price by the function
— Q=100-15P
Suppose revenue 1s equal to price times demand
— R=QP
What 1s the relationship between price and revenue?
— R=QP
— R=(100-15P)P
— R=100P-15P?
Such a relationship is called a quadratic relationship



Functions
Quadratics: R = 100P — 15P?

Revenue

200

Revenue vs Price

150

100

a1
o

o

o
O




Functions

Quadratics
Definition: Any function of the form
— y=ax?+bx+c is quadratic

A quadratic function 1s uniquely defined by 3 points, 1.e.
there 1s one, and only one quadratic that will connect 3

points.(just as only one linear function will join 2 points)
The parameters we need to describe the quadratic namely
a,b and ¢ have the following interpretation.

— The sign of a determines 1f the quadratic is a hill or a
valley

— C 1is the y-intercept
— b is difficult to interpret on its own



Functions
Quadratics

» Features of quadratic functions.
Maximum/Minimum
The maximum or minimum value of y always occurs when
X=-b/2a. [This can be shown algebraically without calculus].
 This 1s also known as the line of symmetry of the quadratic

« When x=-b/2a the value of y is y=c-b?/4a, which will be a
maximum or a minimum, depending upon the sign of a.

 Ifa >0, theny is a minimum.
If a <0, theny Is a maximum.



Example: If R=100P-15P? what value of price

maximizes revenue?
b=100; a=-15; -b/2a=100/30=3.33

N.B. a<0



Functions

Quadratic

» Features of quadratic functions
— Roots
 Quadratic y=ax?+bx+c crosses the x-axis (i.e. y=0)
when >
. —b++/b* —4ac
2a

 The quantity A=b?-4ac is known as the determinant

 If A=0 then the quadratic only crosses the x-axis
once

* [f A<0 then the quadratic never crosses the x-axis
 If A>0 then the quadratic crosses the x-axis twice



Quadratic Functions

15 4
10 +
y:x2-2x+4
A=-12
3 1| 3
-5 4
15 +
10 -
y:-2x2+4x+6
A=64 /
3 il : 3
-5 4




Functions
Quadratics; Problems



Quadratic Functions
Example

A certain product has a manufacturing cost of $3 per
kilogram. The set up cost of running the factory is

$105,000 per month.

The quantity demanded by the market decreases as price
increases. For each increase of $1 per kilogram the
quantity demanded by the market decreases by 2000
kilograms.

When the price is $100 per kilogram the demand is nil.

What price should the manufacture charge for this product
to maximize profits?

What 1s the maximum profit?
For what range of price will the manufacturer make a gain?



Functions
Quadratics; Example
Pr=R(P)-C(P) where both R and C are functions of P

Need to develop a function which relates R to P and C to P
R=Q(P)xP where Q 1s a function of P

C=F+V x Q(P); F=fixed cost V=variable cost.

Need to develop a function which relates R to P and C to P.

To do this we need to develop a function which relates Q to P.



* For each increase of $1/kg demand
decreases by 2000kg

— m=4Q/AP=-2000/1 = - 2000

* When the price is $100 per kilogram the
demand 1s nil.

—b=Q-mP
—b=0-(-2000 x100)=200000
« Q=200000-2000P



Functions
Quadratics; Example

C=F+VQ=105000 + 3Q
C=105000+3(200000-2000P)=705000-6000P

R=QxP= (200000-2000P)P=200000P-2000P?2
Pr=R-C=200000P-2000P>-(705000-6000P)
Pr=200000P-2000P2-705000+6000P
Pr=-2000P%+206000P-705000 in dollars

Pr=-2P2+206P-705 in thousands of dollars

This is in the form y=ax*+bx+c; a=-2, b=206 c=-705

Maximum occurs at —b/2a=-206/(-2x2)=-206/-4=$51.50

Profit when P=$51.50, is —705-(-206%)/(4x-2)=%$4,599.5 thousand



Functions
Quadratics; Example

e Profit=0 = -2P?+206P-705=0
» This occurs when P=(-206+V(2062-4x-2x-705)/(2 x-2))
. 3.544<P<99.455

5000

4000 P

3000 / \
% | 2000 -
o

1000

0 // T T T T \
15 5 25 45 65 85 \)5
Pri
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Functions
Exponential

* Sometimes straight

lines and quadratiCS Daily Close of Hang Seng Index

7000

-1000

are not enough
* Need another class of | ;
functions g o
* Exponential Functions )

Date




Exponential Functions

General form y = Ka* ; K, a are parameters
Examples. y=S;x=T

S =P(1+r)!

S = Pere!



Functions

Exponential
y=A(1+r)"

* An exponential function is uniquely determined by two
parameters

I (or r.), which measures the rate of growth

A which measures the value of the response variable, y, when x=0
sincey =A(l+r)’=A.1=A

If x=time, A 1s the initial value of the response variable



Functions
Exponential
Examples

 |s the function exponential or not? If so, give
the values of A andr.

y =10x0.9*"

y=10x0.9x0.9°
=10x0.81x0.9”
=8.1x0.9

=8.1x(1-0.1)"



Functions
Exponential; Identification

Basic equation Y = A(1+r)*
Taking logs (natural, but any logs OK)
e LnY=InA +xIn(1+r)
 This is just a straight line (y=mx+D)
— Y 1s the log of the response variable, In Y
— m=In(1+r)
— b=In(A)



e Y = Ae™

e InY=InA +rc(x)



Functions
Exponential example

slope = r,
= 0.0005
Natural Log of the Daily Value of Hang Seng Index
= In(l1+ 1)
7:8 1‘/‘ F F = € o _ 1
0 ~ 0.0005
S N
= W”‘" log(A) =5.333
: . Ln(Index)= 0.0005*Time + 5.3331 _.5.333
N A=e¢
1969 Date 1992 — 2 07




Functions
Exponential
Another Example

You plot In(Monthly Stock Price) against time; it appears
linear with a slope of 0.0077. What does this suggest about
the growth rate of the stock?

The slope 0.0077 1s the (approximate average) continuous
interest rate.

Since the data is monthly, 1t is a continuous interest rate
per month.

Multiply by 12 gives continuous interest rate 0.0924 p.a. a

Convert to ordinary interest gives 9.68% per annum.
(09924 -1 =0.0968 = 9.68 %)



Monthly Close of NASDAQ Index

Natural Log of Nasdaqg Index by
month

y =0.0077x +5.9121

A

o
o
S

Ln(NASDAQ)
\l
o
o

o
o
S

ok
o
S

Sep '90 Date Nov '00




Functions
Exponential; Declining

* Inflation rate 1s 4%

 What is the future value of
$100 in T years time?

* Let S=future value

o S=P/(1+r)T™=P(1+r)T
* 1=0.04; ordinary compound
* 1.=0.0386 (Not correct)
* Should be 0.03922

Future Value

120
100
80
60

40 |
20 |

0

Future Value of $100 r=0.0386

AN

y — 1ooe—u.u350x

\

0

10

20

30

Years

40

50

as In1.04 =0.03922 =r,
« S=100eTcT




Functions
Exponential; Exercises

o If y=25(1.04)*then how does a plot of In(y)
against X look?

— In(y)=In(25)+xIn(1.04)
— Which is linear m=In(1.04); b=In(25)
o If y=10.5/1.05*then how does a plot of In(y)
against X look?
— In(y)=In(10.5)-XIn(1.05)
— Which is linear with m=-In(1.05);
b=In(10.5)



S =Pe*l: Ln S =1n P+rcT

« For a certain stock, a plot of In(value)
against time (measured 1n years) 1s roughly
linear with slope 0.051 and intercept
11.51292. What is the compound interest rate
and what was the value at time T=07?

— Continuous compound rate=0.051

— Ordinary compound rate=e 9-051-1=0.0523
— Value at T=0, e!1->1292=100,000



Functions
Exponential; Exercises

* An investment of 10000 1s invested at
ordinary interest of 6.8%. If S 1s the value of
the investment at time T, then what would a
plot of In(S) against time look like?

« Using S =P(1+r)! where P = 10000
— Linear In(S)=b+mT,;
—b=In(10000)=9.2
— m=In(140.068)=0.0657



* The natural log of the monthly value of an
asset 1s plotted against time. The data 1s
well approximated by the line
y=2.26+0.015T. What 1s the average annual
growth rate of the asset, expressed
continuously?

— Monthly growth rate = 0.015
— Annual growth rate =0.015x12=0.18



Functions

Power

* Why is a straight line
not a good fit to the
data?

 Because when area=0
price # 0

T30
100
B30

1y

& 550
™

@

‘t 400

o
O 5
o
=
2w
140
110
5

Adjusted sale price versus size of HK apartments

o
o Sl
g
-

[}
st

b

20

0

50 1000 1240

Area in square feet

1500
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Functions
Power; Identification

 What sort of a function 1s
the following?

200000
160000 -
120000 -
80000 -

40000 -

0

1 6 11 16

Power Function

14
12

10

slope=4

7 Intercept=0

oON B O
L

0

05 1 15 2 2.5

Exponential? NO




Functions

Power
y=ax™
 Identifying power functions
— If y=axm
— In(y)=In(a)+mln(x) Ei
« Ifaplotofln(y) vs In(x) 1s
approximately linear then y 1s a Power
power function of X. Functions

— Slope =m (the power parameter)
— Intercept =In(a)



Functions
Power; Example

« Hong Kong house prices

« Express price (P) as a
function of size (S) in the

form P=as™. | y=0205x+ 44133

— m=0.2954 o |
E & .20,31" ¢

— In(a)=4.4133, 5. e

— a=exp(4.4133)=82.3 ,gaif"”""

_ P=8).350.2954 e

In(size)




Functions
Power; Exercises

If y=2.25x, then how does a plot of In(y) against In(x)
look?

— In(y)=In(2.25)+3/2In(x)
— Which is linear m=3/2 and b=In(2.25)

If y=0.0075/x*then a plot of what against what is linear
with what slope and intercept?

— In(y) vs In(X); m=-2; b=In(0.0075)



Functions
Power; Exercises

 You have plot In(y) against In(X) and obtained a linear
relationship with the given formula below. Describe the
relationship between y and X.

— In(y)=2.77+0.97In(x)

o y262.77 X 0.97:16 X 0.97 200

250 “

200 |
150 1 y=16X

100

ol




~ In(y)=15.6+0.05In(x)

Function

S

Power; Exercises cont.

o y2615.6 ¥ 0.05

=5956538 x 093

— In(y)=-5.7+2.51In(X)
. y=¢57x25

=0.0033x 2

8000000

5000000
4000000
3000000
2000000

0

7000000 -
6000000 -

1000000 -

0.05

y=5956538x

0

15

20

y=0.0033x""

__—

5 10

15
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Functions
Power; Exercises

* You have some data on monthly sales and
advertising expenditure.

— Define S=sales=raw sales-2200

— Define Efficiency E=S/A, where A 1s
advertising

— A plot In(E) against In(A) gives an almost
exactly linear decreasing function. The formula
for the line of best fit for this plot 1s

« In(E)=5.77-0.978In(A)



Give a formula for raw sales as a
function of advertising

— E=S/A=(raw sales-2200)/A

— In(E)=In(raw sales-2200)-In(A)

— In(E)=5.77-0.978In(A)

— In(raw sales-2200)-In(A)=5.77-0.978In(A)

— In(raw sales-2200)=5.77+0.022In(A)

_ Raw sales-2200=e5.77+0.022In(A) = @5.77 0.022InA

— Raw sales=320A0-022 + 2200 as elnA = A




Functions
Power; Exercises

Effect of Advertizing on Sales

2700 -

2600

N
a
o
o

2400 -

Raw Sales

N
W
o
o

2200

0 4000 8000 12000 16000 20000 24000

Advertizing Expenditure

Q:If this months advertising expenditure was $16,000,
what would be your best guess of raw Sales?
A: 5=2200+320x16000 9-022=2596



Difference Between Exponential and Power Functions
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Difference Between Exponential and power functions

Glasses of Beer
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Functions
Hyperbolics; Better Demand Functions

Demand Curves

[inear demand functions

are not believable

Slope should be steeper
near vertical axis

Slope should be less steep

near horizontal axis \ \

Demand

NN\




Functions
Hyperbolic

e (Consider the function

y=1/x

e Usually just want the right
arm




Functions
Hyperbolic Q=1/P

Need to touch the x-axis,

so move function down by

Hyperbolic Functions,
1/4 * Right arm
New Demand curve :
Q=3.75-P/(4P+1)
~ 1 1 4
L \
4 — P 3
= TP > Q=(4-P)/4P

To touch the y-axis move
L Q=1/P

across by 1/4

0 05 1 15 2 25 3 35

New Demand function .

4.5

4 - P
= 1p
4 — (P + 0.25)

4 (P + 0.25)
3.75 - P
4 P + 1




Hyperbolic Functions

Suppose we are given * To get the point P=40,Q0=0
— P=0,0=80 stretch 1n the horizontal-axis
by 40/3.75. To do this

— P=40,0=0
, replace P by P/(40/3.75)
Our current curve gives - 64 x P /(32 /3)
J— ju— ju— — 3
P=0,0=3.75 Q = 4P x 3 /32 + 1
— P=3.75,Q=0 _ 80 - 2P

. 3P /8 + 1
To get the point '

P=0,0=80 stretch in the N
vertical axis by 80/3.75 .
8 0 3.75 - P ZZ\
= 375 TaP s Oso\
B 4P + 1 0 ~




Functions
Hyperbolics Ratios of linear functions

Q=(80-2P)/(3P/8+1)

Note that the function can be

920
written as a ratio of two linear 80{\
70

functions

Q=(m,P+b,)/(m,P+1) .

Vertical Intercept =b;; of |\ "\
horizontal intercept=-b,/m, AANE N
What 1s the effect of m,=3/8? 0]

— larger values give steeper S

35

initial slope
— smaller values give less
steep 1nitial slope
When P=0, slope=m,-m,Db,



Functions

Hyperbolic Example
o If Q=(150-5P)/(P/2+1)

— What 1s the demand when
P=0?

3 Q:lSO 160

— What is the price for which >

20 |

demand will equal 0? 122 ] \
80
60 -~

. P=30
— What is the slope when P=07 4 | \
+ Slope=-5-150/2=-80 & \M\
o IfQ=(120-5P) /(P/2+1), how 0 5 10 15 2 2
would your answers change? Price
o If how
would they change?

o IfQ=(150-5P)/(2P+1), how
would they change?



Functions
Hyperbolics Example

Suppose demand curve 1s

— Qp=(100-2P)/(P/10+1)
Supply curve is

— Qg=4P-75

At what price does Qp=0Q?

— (100-2P)/(P/10+1)=4P-75
— 100-2P=(4P-75)(P/10+1)
— 100-2P=0.4P+4P-7.5P-75
— 0.4P?%-1.5P-175=0

— P=$22.87

Q=4 x 22.87-75=16.5
Qp=(100-2x22.87)/(22.87/10+1)=16.5



Functions
Hyperbolics

120

100

80

60

40

20

-20

/

\ Demand Curve /

/ S ly Curve
\@’16 y Upply

—

/ 20 30 40




Functions
Hyperbolic; Revenue vs Price

If Qu=(100-2P)/(P/10+1),

Revenue=QP
What is R(P)?
R=P(100-2P)/(P/10+1)

Still find roots by setting
R=0 and solving for P.

But maximum 1s no longer

half way between points

....Stay tuned for
differential calculus

450
400
350
o 300
c 250
g
o 200

T 150

100
50

Revenue as a Function of Price

/ N
/ N
/ N\
/ N\

/ N\

/ N\

/ N\

T T \

0 10 20 30 40 50

Price

60




Functions
Hyperbolic Exampole

Qp=(240-8P)/(5/4P+1)
Qs=9P-40

At what price does supply
equal demand?

If R=QP, at what price
does R=07?

If C=30+4Q, for what
values of price 1s the profit
Pr>0?

Demand

Supply vs Demand for Hyperbolic

300

250 -

7
S

200
150
100
50
0

Demand Function

0 10 20 30 40

Price




Functions
Hyperbolics Example (Cont.)

«  Pr=P(240-8P)/(5/4P+1)-
[30+4 (240-8P)/(5/4P+1)]
. 5.11<P<24.2

Profit Vs Price

60

40 -
VAN
0

20 0 / 10 20 \{0 4

Profit

-40
-60
-80

-100

Price
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