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ABSTRACT

Can the socially optimal intertemporal resource allocation of an economy including non-
renavable resources be supported as a competitiarket allocation?Previous studies

have @oncluded that, in the absence of perfect foresight and a complete set of futures
markets, the initial price of the resource, and hence all succeeding prices, may be
inconsistent with the shadgorices along the optimal trajectoryhis study questions the
existence ofanystable trajectory satisfying the necessary condition that the resource price
(net of extraction costs) increases at the interest rate (the Hotelling Raik)ility
analysis of simple disequilibrium models withvaml formulations of gpectation
formation and price adjustment suggests that a convyaettonomy will not support the
Hotelling Rule, It rather will in general exhibit stable equilibrium with constant resource
price.

*  This is a revised version of “The compeftifricing of non-reneable natural resourcésa paper
presented at the June 1979 meeting of the Western Economics Assodiagaresearch was partially
supported by an Australian Commonwealth Scientific and Industrial Reseagdmisation
Scholarship, a Resources for the Future Fellowship, and the U.S. Energy ResearchelmminBet
Administration GranERDA 1,488.
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1. Introduction

In the theory of depletable resources, the usual approach is to specify the demand for flo
of the resource as a function of the price, and the supply of resowrcasfo tinction of

the epected rate of price increase (net of production cost). This latter relationship is
usually demwed from conditions for intertemporal profit maximizationMarket
equilibrium is found as a sequence of prices which equate supply and demand at each
moment. Inall simple cases, the price increasear éime. Inthe case of zerax&gaction

cost, the price increases at the rate of interest.

In the theory of disequilibrium price adjustments, excess supply or excess demand
is the drving force for the price changes. In fact the notion of market equilibrium often
has two dmost completely interchangeable meanings, one describing a situation in which
supply equals demand, the other a situation in which prices are uncharmgitige
simplest and most frequently used formulations, the rate of price increase (decrease) is
proportional to excess demand (supply) invegmarket.

These tw basic principles are in conflict with each othdn conditions of
supply/demand equality for depletable resources, prices cannot change. In conditions of
increasing price, supply cannot equal demand.

One simple response to the apparent conflict of tlhebasic principles has been to
assume “rapid” adjustment in response to the disequilibrium, so that prices can increase at
the rate of interest when demand is “only slightly” greater than sufply assumption is
that, if adjustment is fast enough, the basic approach of depletable resource economics
can remain with but insignificant modifications.

This paper will establish that the simple answer does not provide a solution to the
basic dilemma. While in limiting cases the simple solution wilivte a price trajectory
which satisfies the necessary conditions for an equilibrium, this will not be a stable
solution.

For mary cases only one stable solution wilkkig—a constant price at which
supply equals demand, at least untiygbal depletion or increasing demand lead to
increasing pricesFor a narrowver set of cases only the constant price solution willigeo
ary solution at all.

These results imply that, while an efficient allocation of depletable resources
corresponds to a competgi equilibrium, this equilibrium will nger be found. Notonly
will the very long run conditions (the transversality conditions) be violated as Stiglitz
[1974] has suggested, but so will the short-run conditions.

The theory here may help to explain the striking discrgpbetween the theory of
depletable resources, which implies increasing prigestone, and the actual beliaur
of resource markets, such as petroleum etarkn the U.S.A., which ka exhibited
slowly falling real prices in the past.

To address these issues, this paper drops the usual assumption of trading and
production only at market clearing, and allows prices to adjust in responseedss e
demand (posie a negdive) as tading continues. Expectations of future resource price
changes are modelled withveeal different formulations. The paper examines the
existence, uniqueness, and stability of short-run equilibria in the resulting model.

To make more transparent the fundamental point, the othevaetenarlets—those
for labour money, and output—are not modellecSection 1 discusses the Hotelling Rule.
Section 2 introduces expectations and resource sufply three modes ofxpectation
formation—myopic perfect foresight, simple adeagtiexpectations, and compound
adaptve eypectations—are xamined in Sections 3, 4, and 5, respebti Section 6
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introduces a model in which there is a direct linkage between the expected and the actual
rates of return. Section 7 contains the summary and conclusions.

2. TheHoteling Rule

Stocks of a non-rem&ble natural resource (which is exhausted in production) are assets,
much like reproducible capital. Their ultimatealue lies in their potential for being
transformed into scarce output, but yhean be bought and sold as stocks, and can
appreciate or depreciate, as can other assets. In fact, certain resources may be traded on
two distinct marlets: astock market, in which the object of buying is to edlkture
anticipated capital gains, and awlonarket, in which the object ofuying is to obtain
quantities of resource as a factor input to productiMe. implicitly draw this distinction

in the use of the phrase “resourcenloTwo dstinct markets implies tavdistinct prices,

but we assume that arbitrage between the markets (i #xast separately) leads to
equality of the pricesWe denote the (real) price of resourcevas

If owners of resource stocksgaed them as perfect substitutes for ottderidend-
earning, assets, then we can speak of a single asset market, on which regoersean
trade stocks of resource and other ass&sset markets can only be in equilibrium when
all assets in a gen risk class earn the same rate of return, partly as curnadedd, and
partly as capital @n! Since the only way that a stock of resource can produce a return
for its owner is by appreciating in value, equilibrium in the asset market will only occur
when the value of a resource stock is growing at the interest, taeeassumed common
rate of return on assets. Since tladue of a stock is also the net present value of future
sales from that stock, in asset market equilibrium resource owners xpest ¢he net
price of the resource to be growing at a proportional rate equal to the rate of interest.
This fundamental principle of the economics gha&ustible resources is known as the
Hotelling Rule. Hotelling [1931] thought of it as a condition, not of stock equilibrium on
the asset market, but of Woequilibrium on the resource maek if the price of resource
(v) is growing at a proportional rate equal to the interest rate, tivgrers of stocks of
resource will be indférent at the margin between (extracting and) selling, and holding
stocks at eery instant of time.

Weinstein and Zeckhauser [1975] closely examine market equilibrium in a
competitve nodel. The demonstrate that, if resource producers (or owners pexfect
foresight of future demands for resourcenflor if resource consumers can store the
resource at zero cost, equilibriunaentime can only occur with time paths obeying the
Hotelling Rule. Solow [1974] characterizes this as demand for resouroejfist equal to
its supply at the current price, with clearing in the market for resounve fido other
time profile for prices can elicit posid production [of resource flow] invery period of
time” [1974, p3]. If the net price rose too sWty, supply of resource flo would be made
earlier and the resource ould be exhausted more quickgnce no-one would want to
hold resource stocks and earn less (in capital gains) than the going rate of return on other
assets. Ifthe net price rose too fast, holding resource stoasldvbe an xcellent
investment, and ownersomld postpone selling while theenjoyed super-normal capital

1. This is the equation of interest (or arbitrage equation), formulated by Samuelson [1937] in tkie conte
of capital theoryand recently more generally deed by de La Gandville [1980] in his iaestigation
of optimal growth with exhaustible resources.

2. In a competitie market net price equals market price minus giraal cost; under a monopoly net
price equals marginal profit, which equals marginaémae minus marginal cost.
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gans.

Under conditions of uncertaintyeceved theory suggests that the Hotelling Rule
will still hold. Weinstein and Zeckhauser [1975] shdhat for risk-neutral resource
suppliers market equilibrium requires that the expected resource pnecaigaaate equal
to the interest rate.

Both Nordhaus [1973] and Stiglitz [1974] note that the condition of equilibrium in
the asset mast (the Hotelling Rule) results in a family of price trajectories, eaeimgpa
different levels of price at apinstant. Thaunique solution of resource depletion depends
on the terminal solution that all resources are used up precisely at the last instant.

Stiglitz [1974] has shown thaven if resource producers possess myopic perfect
foresight, with the xpected rate of change of resource price #ttane equal to the
actual rate of change of resource price, but without either infinite perfect foresight or a
complete set of futures markets extending infinitallyinto the future, then in the long
run there rists no economic mechanism which will guarantee that the initial price is set
so that the economy is on the correct price trajectidjhe initial price is set too V@ the
resource stock will be used up too soon; if the initial price is too high, there walfsal
be a finite amount of resource stock remairfing.

We eamine whether the Hotelling Rule can be suppontethe short run,by
considering the micro-foundations of wement along a Hotelling price trajectomyith
the asset market in equilibriumWe dop the implicit assumption made by ywas
authors that arbitrage between resource stock and other assetsnwaturs so rapidly
that the rates of return on all assets arwayd equal, and that markets clear
instantaneously We relax the usual assumption of trading only at raadearing, and
allow prices to adjust in response tgcess demands (pos®# a negdive) as tading
continuest

In what follovs, we introduce adjusting expectations of future resource price, and
examine the xistence, uniqueness, and stability of short-run equilibria in the resulting
model. W at frst assume no autonomous price charfe: price on a market changes
only in response to an imbalance of supply and demand on thagtms¥k later «kamine
the consequences for the model of allowingeztation of price change to affect actual
price change directly.

We find that, despite the present-value-maximizing behaviour assumed of resource
suppliers, our economies will not gbine Hotelling Rule under reasonable assumptions.

Three other studies @ partially addressed related questions. In papers which
examine the consequences for exhaustible resource allocation of the non-existence of a
complete set of forward markets, Heal [1975] and [1981] builds three modeianiine
the resource depletion rates that occur under plausible adjustment mechanisms for price
and quantity in disequilibrium situations. In all of these models thevimiraof resource
price is strongly dependent on the specific characteristics of the resource demand
function. Thefirst model is very simple, withxegenous pricexpectations. Theecond
model, with endogenouxgectations of price \&ls rather than rates of return on holding
stocks, does not deal adequately with portfolio adjustment in asse¢tmaikhethird

3. This long-run instability of the economy in the absence of future markets is of the same kind that
Hahn [1966] and Shell and Stiglitz [1967Meashown can &ist in growth models with more than one
capital good, which is essentially the same as has often been attributed to spetatatts.

4. The reader should not confuse the preseeptiles of optimal allocation of resources with perfect
arbitrage and perfect foresight of, fotraeple, Samuelson [1937] and de La Grandville [1980] with
the outcome of conditions of imperfect foresight, in a decentralised economy.
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model does include xpectations of rates of return, but assumes that prices adjust
instantaneously to clear matk. Thusnone of these three quite addresses the central
issue of price adjustment. Dasgupta and Heal [1979, pp 246—-252] boilchddels of
imperfect short-run foresight, but in each study the resourceemiarknodelled to clear
instantaneouslyNone of the papersxamines the interaction of the demand for resource
stocks and the demand for resourcewvdloin the light of the Hotelling Rule and
endogenous pricexpectations. Thigs not their purposeln contrast, we do not assume a
specific demand function, nor do we assume that marketysalcleay and we model
expected rates of return rather than pricelke

3. Expectations and Resource Supply

We want to define a single variable to describe priqeeetations. Thisariable will be a
link between the supply of resource and the past and present behaviour of the Hystem.
Is assumed that suppliers of resource, in deciding whether to hold or sell stocks, compare
the return the anticipate receiing from holding stocks with the return theould receve
from holding other assetsSince the only possible return from holding natural resource
stocks is a capital gain stemming from price increases, resouncerso respond to
expected capital @ns. Notuntil the actual sale is the capital gain (or loss) realised, and
their expectations shown to be correct, or optimistic, or pessimistic. Hence, we adopt the
expected rate of return from capital gains as our expectations variable.

We cenote the expectation formed at titngf the real resource price at tintet(h)
as vé(t + h,t). Following Burmeister and drnovsk/ [1976], we assume that forecasts
satisfy theweak consistency axiom:

VE(t, 1) = V(t). (1)

That is, we assume that thepectation formed ne for the current price is equal to the
actual current price. The expected rate of return on holding stocks of resverdkeo
period €, t + h) is given by

Ve(t +h,t) = v(t)

2
hv(t) @

The instantaneous rate e(t) is obtained by taking the linhit-a<,

_ s VR D) () it t)
O =M =0 e’ )
where
ove(s,t

gy = YU @

Assuming thaw®(t,t) is twice continuously differentiable, and totally differentiating the
weak consisterycaxiom, equation (1), we obtain

ove(s,t) ave(t, s)

VE(t) = |t + | =t
O VE(t) = Vi(t, t) + v5(t, t) = v(t).
The right-hand side of equation (5) measurestheal rate of price change, whilg(t, t)
measures the correspondiagticipatedrate of change. It follows from equation (5) that

v5(t, t) measures thenanticipatedrate of change, that is, the forecast error (Burmeister
and Turnovsk [1978]). With these definitions established, we shalvrgpecify the

-4 -



resource supply function.
3.1 Theresource supply function

The supply of resource flois assumed to be a dmwards-sloping function of the
expected rate of return from assedue appreciation. This specification has been chosen
as an approximation to the Hotellingord: asthe expected rate of return increases,
ceteris paribus, the supply of resourcenfldrops. W dhall define a quasi-Hotelling
supply function,R>(€), as a functional relationship between the expected rate of price
increase (or return) and the resource/fleaving the following characteristics:

a. Supplyis a continuous, non-increasing functioreof

b. SQupply is bounded alve by some finiteR and bounded belw by some positie
R.

c. Thedervative d supply with respect te reaches its minimum a&t=r.
d. Whene =0, supply isR and completely expectations-inelastic.

Two possible quasi-Hotelling supply functions are shown in Figure 1.

We an think of the finite upper limiR on resource fl@ as implicitly embodying
increasing costs ofx&raction: rathethan being a physical limit, it is an economic limit.
In the short run it is unprofitable for the resoureaers to supply more rapidly thdd
per period because of increasing costsxtrfaetion. Thelower limit R and the range in
which the resource flo supply varies with expectations can be thought of as resulting
from incomplete knowledge of vestment opportunities or from non-uniform price
expectations among resource suppliers.

In what follows we mad the following assumption:

Assumption (Quasi-Hotelling Supplpr QHS. The quantity supplied is
governed by a quasi-Hotelling supply functidRS(e).

3.2 Rate®f price adjustment

We assume that the rate of price adjustment depends upon the relationship between
supply and demand. In most of the following, we assume that prices rise only when
demand exceeds suppénd fall only when the carerse holds.We $hall use the simplest

form of this relationship.

Assumption (Linear Price Adjustment, IdPA). The rate of price increase (or
decrease)g(t), is a linear function of the ddrence between the quantity
demanded and the quantity supplied:

g(t) = 4. [R°(v) - R¥€)], Ay>0, (6)
whereg(t), also the rate of return of holding stocks, is defined as

vt +h)=v(t)  v(t)
t) = | = 7

9 =M v(t)’ "
and whereRP(v) is the demand for resource ipassumed to be a decreasing
function of pricey.

In what follows we adopt the wassumptions—quasi-Hotelling suppl@KS) and linear
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price adjustmentLPA). In addition we shall introduce various assumptions describing
expectations formation. It will be sk that, under these bnessumptions, virtually all

of our postulated modes of expectation formation lead to psatase over time and
therefore to violations of the Hotelling Rule.

3.3 Modesf expectation formation

Appropriate modelling of>gectations of future prices (and hence expectations of rates of
capital @uin) is a matter of much professional disagreement. Since the problem, i ho
the absence of futures markets, to calculate etarkearing prices for future dates,
expectations should depend not only on past priagsoi current and past values of non-
price magnitudes. But since, in the short run, quantities do not change ,gveatly
generally use past prices as drivingrigbles. V8 examine three modes okjgectation
formation: myopic perfect fasight simple adaptive »g@ectations and compound
adaptive &pectations In the third mode, long-run considerations enter through the
interest rate.

We cefine an expectations equilibrium as a stae \(*) in which there is no
tendeng for the expected rate of retueft) and the resource pricgt) to change. Inan
expectations equilibrium, expectations need not necessarily be fulfilled. If such a state
exists it will be self-sustaining, although perhaps unstable. In suchxpectations
equilibrium the Hotelling Rule will not hold.

The «istence of such expectations equilibria will readily be demonstrated
graphically If the expectations equilibrium is locally stable, then the micro-economics of
our disequilibrium model do not support the Hotelling Rule in the short rure dadv
initially close to the equilibrium, the resource pricevould tend to the constantvie
characterizing the equilibriumin what follows, we shall characterize thigpectations
equilibrium, and establish its local stability for each mode of expectations formation.

4. Myopic Perfect Foresight

Gray and Trnovsky [1979] shev that if one assumes that (i) a forecast is for an
instantaneously short future period, (ii) forecasterse hastantaneous access to veld
information as it becomesvalable (equation (1)) and a “memory” or some means of
storing the information, and (iii) theaxiable being forecast is differentiable, then
expectations must satisfy myopic perfect foresight, wifiit,t) =0 in eguation (5).
Assumptions (i) and (i) will hold throughobt,but we show below that the
differentiability assumption is too restrioi

Assumption (Myopic d?fect foresight, orMPF). The instantaneousxpected
rate of return equals the actual ratevarye moment:

e(t) =g(t), forallt. (8)

Myopic perfect foresight, the deterministic eent of rational expectations, is the
formulation used in Hahn [1966] and Shell and Stiglitz [1967].

5. Dasgupta and Heal [1979] consider apextation formulation in which the resource-utilisation ratio
of resource flv to resource stock is used as a depletionxnale which expectations of the rate of
capital gains are basedmposing equilibrium in the asset market, ytHend that the economy is
hopelessly inefficient, with expectationssaefulfilled.

6. Gray and Turnovsk[1979] examine the implications of relaxing assumptions (i) and (ii).
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Under the assumption oiPF, plus assumption®QHS and LPA, equations (6) and
(8) must hold simultaneouslfCombining these te equations gies:

W@=Wm—;. ©)
\Y

The components of this equation are plotted in Figure 2 to obtain thkess\ofe, (e,
e,, €3), Which are consistent with the initial pricigure 3 demonstrates that for a higher
price (/,) expected rates of return ef, es5, and e are obtained.

Using equations (8) and (9), one can plot tkpeeted rates of return consistent
with myopic perfect expectations for each possible pridee result is a locus of points
as plotted in Figure 4.

In Figure 4, we hee indicated by arrows the direction of price changes for the
various points on the locudf we start at a point to the right of poiff prices are rising
faster than the interest rate, with the rate of price rise constatiiygf If the system
starts between points and B, prices rise at an increasing rat@o the left of pointD,
prices fall.

From pointA, prices must still rise.A tiny rise forces a jump to poir@ and an
instant change in thexpected rate of return. From then, prices matit fThus,there
may be a discontinuity inxpectations and in the rate of returfiurnovsky and Grays
assumption of diérentiableg is inconsistent wittMPF. This dilemma can be resolved by
the observation thatlPF cannot describenfulfilled expectations, withe # g and non-
zero unanticipated rate of retwi(t, t) in equation (5).

One and only one equilibriumxists underMPF: that indicated by poinD. At
pointD, e = 0 end v is constant. Hence, if the system eenges to the equilibrium, then
prices will remain constant, and the expectations of no price change will be fulfilled.

This equilibrium alvays exists so long aRP(v*) = RS(0), for some pricey *.
These conditions occur if the rate of production of the resource is boundedgisome
finite level and the demand is unbounded as price approaches zero.

If demand at zero price is bounded belsupply R at zero &pected return, then
Figure 4 must be modified, as indicated in Figurdrbthis situation, prices fall to zero
and excess supply remains. Prices can be expected to remain at zero from then on.

The equilibrium in either case is globally stable if we add the restrictiore trad
g change discontinuously only when necessary to maintain the assumptorithout
that assumption xpectations could randomly jump among the three branches of the locus
of Figure 4, and the system might not wege.

We @an summarize these results in Proposition 1.

Proposition 1. Under assumption®HS, LPA, and the assumptioMPF, a
unique equilibrium xists. Theequilibrium is characterized by constant prices.
Furthermore, if expectations change discontinuously only when necessary to
presere the assumptioMPF, then this equilibrium will be globally stable.

Proposition 1 thus sk that with MPF the Hotelling Rule will not characterize the
economy Prices and expectations will adjust to a point at which etarkre cleared with
an expectation of constant price, an expectation which is fulfiRrttes will not adjust
at the rate of interest.

AssumptionMPF suffers from the possible discontinuity in the expected rate of

7. The pointsA andB satisfy the condition th@RS| de = -1 4.
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return. Inaddition, by assuming thakgectations are waiys fulfilled, it ignores the
process by which expectations may adjust in response to unanticipated price di@nge.
following formulation addresses these conceffise basic conclusion, as represented by
Proposition 1, will remain intact.

5. Simple Adaptive Expectations

In this formulation (Cagan [1956]) resource ownerssee upwards their expectations of
the rate of return if the actual rate of retuxteeds what has been expected, and vice
versa.

Assumption (Simple Adaptive ExpectationsSAE. The rate of change of the
expected rate of return is a linear function of théedédnce between the actual
rate and the expected rate. This can be wrftten:

e(t) = w. [9(t) - e(t)], # > 0. (10)

If the expected rate of return atyamoment is not fulfilled, then the expectation igised
S0 as to approach the observed b&ha. Note that the formulatioMPF is identical to
the formulationSAE with the constant unbounded abe, so hate= g.

In order to deelop a phase diagram under the assumptionSA# and LPA,

equations (6) and (10) can be combined we:qgi

e= i [ROW) - 1 - R (1)
Equation (11) should be compared to equation K&)te thate = O for all combinations of
e andv at which equation (9) holds. Therefore, the locus of points for wéish) is
identical to the locus of points plotted in Figure Kacreasing v with e held constant
reduces the value ef Thus, belov this locuse> 0, and abae e < 0.

The locus of points at which = 0 can be dexied by noting thatg must eceede
wheneer € > 0, and must be smaller whever € < 0 [see equation (10)]. Thus, &> 0,
theng = 0 for some value off at whiché < 0. Smilarly, the g = 0 locus must pass
through the region o > 0 for e < 0. The locus ofg = 0 is dotted in the phase diagram
of Figure 6.

An equilibrium of the system occurs when both 0 and e = 0, as fotted in Figure
6. Thisequilibrium is unique, and is characterized by constant pidatice that the
equilibrium occurs at precisely the same point as in Figure 4.

From the two-dimensional phase diagram we can see that adjustment welimao
counterclockwise direction. For example, starting from a o price and from the
expectations that price will increase faster thdeads to a state of excess demaRdce
increases, as does Once theé =0 locus is crossed, prices rise, but expectations of the
rate of returndll. Whentheg = 0 locus is reached, prices are high and demand has been
reduced so that the market cleaiterefore, prices temporarily remain constant, and the
expectation of the rate of return itseHlls. Thefalling expectations increase supply
leading to excess supply and toahovards pressure on priceét a later poine becomes
negative (Owners expect the price to fall) and ultimately #hécus is crossedPrices
drop and drops are expected, but expectations increasslsothe actual rate of return.

8. Burmeister and drnovsk [1976] shav that this formulation is well-defined j# is finite and if the
weak consistencaxiom, equation (1), holds.

-8 -






The market clears as thg = O locus is crossed. Prices die to rise again and
expectations follov.

Analysis in Appendix A.1 shows that the system is locally stalbleus, if the
system begins close enough to the equilibrium, it wilveaye to hat point.

If the system is globally stable, then it will ultimately gemge to the equilibrium at
e = 0; the Hotelling Rule will not hold. Global stabilitthoweve, has not been
established.

If the system is not globally stable, then it will oscillate, with prigadirng around
the equilibrium lgel. TheHotelling Rule will not hold in this case either.

These conclusions can be summarized in Proposition 2.

Proposition 2. Under assumption@HS andLPA and the assumption 8AE, an
equilibrium «ists, characterized by constant prices. If the equilibrium is stable,
then prices will adjust to the constantdee If it is unstable, prices will oscillate
around the equilibrium iel. TheHotelling Rule will not hold.

The formulationSAE cannot capture the phenomenon \knaasregressive gpectations.
With SAE, if the price rises slightly from its “normal”Jd, then this price increase is
extrapolated and thexpected return increasesxfapolative @pectationy. But it is
equally plausible that some ownerpect the price (and hence the return) to regress to its
previous leel.® We havenoted that under the Hotelling Rule equilibrium in the reafar
stocks of resource is assumed to occur wiperr, when the actual rate of return equals
the interest rate. These observations lead to the following formulation.

6. Compound Adaptive Expectations

In this formulation thexgected instantaneous rate of return is a function of the actual rate
of return and the equilibrium rate of return.

Assumption (Compound Adaptive Expectation€Af). The rate of change of

the expected rate of return is a function of the difference between the interest
rate and the actual rate of return, and of the difference between the actual rate
and the expected rate of retur particular formulation of this is

e(t) = y.Ir — g(t)] + # [9(t) —e(®)], #> 0. (12)

Here ;> 0 corresponds to gressve expectations in the sense that if thgected rate of
return equals the actual atyamoment, and if the actual rate of return is less (more) that
the interest rate, then th&pected rate of return increases (decreases). This models the
expectation that the actual rate of return will tenevai@ the interest rate.y < 0
corresponds to thexeapolatve epectation that the stock market equilibriugHr) is a
knife-edge, and that grleviation from it will be amplified-°

With explicit formulation of etrapolatve a regessve epectations, we can
examine whether the stability (or not) is dependent on xipectations of the traders in

9. Stiglitz [1974] postulates a formulation eeplént to
Vit t) = 4. (v(t) = (1)),
where v(t) is an &ponentially weighted \®erage of past prices and where< 0 ocorresponds to
regressie eypectations, and > 0 corresponds tox@rapolatve expectations, but it is readily svo
that this is eqwialent to myopic perfect foresight (Marks [1979]).
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the marlet!! The formulationCAE results from the resource owners’ beiwga of the
Hotelling Rule: they consider the capital gains that will accrue as the price of reswurce
rises, and as tlgecompare the actual rate of retugrwith the rate of returm awailable
from alternatie investments-?

The formulationCAE of equation (12) is very similar to that of

&t) = o.[r — e(®)] + . [g(t) - e(t)], v>0. (13)

This formulation differs fronCAE in that the interest rate is compared, not with the actual
rate of return from holding resource stocks, but with the expected rate of return. Since the
formulation is attempting to model the process whereby the resournsochange their
expectations, the formulation of equation (13) is more direet) & the comparison may

not tale dace. Theparametew is positve, since the expected approaches the actual rate
of return as in the simple adamiformulation. Theparameters can tale dather sign:o
positve mrresponds to gressve expectations, since if thexpected rate of reture is

less (more) than the interest ratee increases (decreases);negdive @rresponds to
extrapolatve expectations, a knife-edge.

The two versions of the compound adagtiexpectations formulation turn out to be
very similar mathematically: each can be obtained as a linear transformation of the other
By analyzing the formulationCAE, we ae also analyzing that of equation (13).
Comparison shows that thedwre identical ify = #— y, and o = .

The formulationCAE with its tendeng for expectations to approach the interest
rate may seen rather strange: in normal migrkhere is equilibrium with constant price
level. But, as we hee agued in Section 2.1 ake, rational resource vaners are
concerned with the current return from and opportunity cost of holding stocks of non-
renavable resource.The formulationCAE attempts to model this behaur, a @ase
perhaps of economic theory (that of exhaustible resources) affecting the behaviour of
economic actors, who forecast using Hotelling-type models. Note expectations are
always stationary where = g = r: the formulationCAE does not exclude fulfilled
expectations of the Hotelling Rule.

Phase diagrams of the system with assumptié®#sand CAE, equations (6) and
(12), can be desloped for each combination @fand . Thev = 0 locus is identical to
that obtained for the formulationPF; the e = O locus is diferent. V\& show that, unlile
the formulationSAE of Section 4, the formulatio€AE admits of the possibility of
equilibrium withg = 0 and e*# 0. Indeedge* = 0 occurs only whery = 0, which is the
formulationSAE. The equilibrium expected rate of change of preg,by equation (12)
with g =0, is equal to:

10. Writers on the topic hee dsagreed on whether imdt the stock market equilibrium is stablgtiglitz
[1974] emphasized its instabilitsnd Kay and Mirrlees [1975] its stability.

11. The formulationCAE is similar to the two-stage formulation ofpectations of price rises of Frexk
[1975], in the context of inflationFrentel includes a long-run expectedesage inflation rate instead
of the (fixed) rate of returm, with an adaptie aljustment equation for this long-ruxpeectation
similar to equation (12). In order to ensure that the model produces behaviour consistent with the
empirical evidence of the short-rurfegfts of changes in the rate of monetary expansion, Frenkel (in
our terms) requires that> >0, that is, he assumes regressexpectations.

12. The formulationCAE is also similar to that of the third model of Heal [1975] and [1981], in which the
rate of change of thexpected return is a function both of the difference between actuakpadted
returns, and of the resource-utilisation ratio, which in turn is a function of the difference between the
interest rate and the actual return.
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ex=, . (14)
V4

With regressve expectations 4 > 0), e* is positive, but with extrapolatve expectations
(¥ < 0), the expected rate of return at equilibrierhis negdive: owners expect the price
to change despite the fact that it is constant at equilibrium.

Figure 7 shows the system plotted in tkee \()-plane for various values of the
parameterg, andy. Case @), with = 0and rgressve expectations 4 > 0), is unstable,
with the system moving to the right, tending asymptotically to the constactis, with
eva-increasing expected rate of price gth, e. The resource market will tend to a
situation where clearing occurs wiP(v) = R and constant price. Cas® is smilarly
unstable, with ngetive and ever-decreasing »x@ected rate of return and the economy
tending asymptotically to the constant price locus. In this case, the resoures widrk
tend to a situation where clearing occurs W&(v) = R and constant priceFor x # 0,
we see thate* = pr/y is finite: with r@ressve e)pectationse* is positive; with
extrapolatve expectations, ngstive.

Caseslf) through €) al show unique equilibria characterized by constant prioge b
with expected rates of price change which magyvrom zero. Although owners may
expect price changes, no such changes occur.

Analysis in Appendix A.2 shows that in casbky (c), and €) the system is locally
stable, in casesa) and (f) locally unstable, and in casd) (ocally stable ifthe slope of
the quasi-Hotelling supply function is boundedaods zero (from inequality (A6))

_ (/11 /]V - V* R\E))
“—)
In none of these cases does the economy tevatds a trajectory in which the Hotelling
Rule is obged. Theset of results so far can be summarized in Proposition 3.

< R3(e*) < 0. (15)

Proposition 3. Under assumption®QHS and LPA and agy of the three
expectations formulationsMPF, SAE, or CAE), prices will cowverge to a
constant leel or will oscillate. The Hotelling Rule will not hold.

The net task is to relax the assumption of linear price adjustment. This is done in the
following section.

7. An Expectations-Augmented M odel

In this section we introduce a formulation which has often been postulated in models of
optimal growth with non-remweable natural resources, in which expectations of the rate of
price increase directly affect the actual rate of increase.

Assumption (Expectationsi§mented Price Adjustment, BAPA. The rate of
price increase (or decreasg]t), is a function of the difference between the
guantity demanded and the quantity supplied and of xpecéed rate of price
increase (or decrease. specific formulation of this is:

g(t) = A/(R° - R +e, (16)

That is, @en if the market for resource Wlois dearing, the price will change at a rate
equal to the expected rate. Then, if resoumeers expect the Hotelling Rule to hold, it
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can, &en if all markets clear.

We @an argue some justification for it, other than existence of the Hotelling Rule,
from the micro-conditions of the economihe formulation of equation (16) would result
from a situation where
e

Vv vV
— =4y.(RP - RS + —
— = Ap. (YP = YS) + — |
P e .o P
VP
VP

Ve| V is the expected rate of change of the nominal prioé resource flw, F’e| P is the
expected rate of change of the nominal pfoaf output (a proxy for the priceve). The
second equation of (17) can be thought of as the outcome of th&ifgiprocess: in the
market for output Y) there are tw direct forces on the price ue—imbalance of the
market for output, and participantskgectations of future price inflation, which through
their behaviour will affect the price of outpuven if the output mardt clears.Similarly,

in the first equation of (17) we can think of the direct effects of imbalance of thetmark
for resource flov and participants’ ¥pectations of the future nominal price increases on
the marlet. Subtractinghe second from the first leads to a formulation similar to that of
equation (16), but with changing pricedeP.

Although the motiation for the formulationEAPA is not as strong as for the
formulation LPA used preiously, it has been used in the literature to lead to economies
which obe the Hotelling Rule.We e that, in our model, with the formulatiQAE of
Section 5, it still cannot sa the Hotelling Rule.

Phase diagrams of the system with assump#®A and CAE, equations (16) and
(12), are plotted in Figure 8 for various values of the parametansl . The constant+
locus (and hence, from equation (12), the constdatus) is steeper in Figure 8 than in
Figure 7.

Case (a), with = 0 and regressve expectations ¢ > 0), is still unstable, with the
economy moving to the northeast between the constamd constané loci, with e
positive and g positve and less tham. It is readily shown that if

Jim (VR) = -c<0, (18)

then

lim g(t) = <r,and
fim o(t) = ==

lim e(t) < yr.
t-o00

Case ) is dmilarly unstable, except that expectations are extrapelatid ; < 0.

For ## 0 we e thate* = yr/y is finite: with r@ressve expectationse* is
positive, with extrapolatve expectations, ngeive.

In each case an equilibrium exists with price remaining constanalysis in
Appendix A.3 shows that in casdy énd (c) the system is locally stable, in casasand
(f) locally unstable, in casel)(locally stable if the slope of the quasi-Hotelling supply
function is bounded weards zero (from inequality (A7))
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AN -V*RY) (20)
Vo 4

and in cased) locally stable ifthe price elasticity of resource demand is bounaeay a

from zero (from inequality (A8))

< R3(e) <0,

VIR
RP(v) Ay RP(v¥)
In none of these cases is the Hotelling Rule obeywen, asymptotically.

< 0. (21)

8. Summary and Conclusions

In this paperwe havebegun with the heuristic, Walrasian formulation of price adjustment
(LPA), in which the rate of change of price is proportional to the excess demand in that
market. In Section 6 we hae aigmented this by including expectations of price
movement as a factor affecting price adjustmeBAKA). We have considered three
modes of expectation formation, each suceelgsmore general than the previous case, in
an attempt to obtain more robust resulf$ie most general of these is the compound
adaptve formulation CAE) of Section 5, which xhibits eight cases corresponding to
various values of its te parameters: one which models the degree to which the
expectations of rate of return from holding resource stocks gresse a extrapolatve,

and the other which models the degree of respemsss of changes in thepected
return to the difference between the expected and the actual rates of return.

Using these formulations, we & agued that in an economy without perfect
foresight there appears taigt a failure of competite markets to satisfy the Hotelling
Rule. Itis not merely that the resource stocks are depleted at the wrong tintleatin
mary cases there exists a stable equilibrium with a constant-price trajecibig
apparent dilure occurs in general because the changing price, which might satisfy the
Hotelling Rule and which is the result ofoess demand in the resource market, will itself
result in @entual marlet clearing after adjustment, with constant price. Nor can the
inclusion of a direct ékct on the price m@ment from the expectation of price
movements EAPA), which allows the rate of return to equal the interest nate with
market clearing, wercome this tendenyaowads constant-price equilibrium.

If a locally unstable equilibrium exists, then the price trajectonesy drom the
equilibrium point may coincide with the Hotelling Rule trajectori@ut as seen in
Figures 7 and 8, in no cases do the price trajectorieg thige Hotelling Rule, een
asymptotically.

The only cases in which no constant-price equilibria exist are casead (f),
with regressve and etrapolatve expectations, respeely. They model cases in which
the level of the expected return has no direct effect on its rate of chamge: (r — g). In
general, hovever, one would expect resource stookreers to compare theixpectations
with their &perience, and adjust their expectations accordin@ych comparisons
preclude cases) and (f).

We haveshavn that @en with expectation augmentation the actual rate of return in
case @) is drictly less than the interest rate, and in ca9e gtrictly greater Expectations
will not be stationarydthough theg tend to a bounded, constant rate of change, which is a
function of the interest rate and degree of regression/extrapolation of the expectations.

Thus, we conclude that in cases where equilibxigtesuch equilibria may be
locally stable or unstable. In awWecases equilibria do noiist. Butin no case does the
economy obg the Hotelling Rule, wen asymptotically Thus, the analysis of this paper
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shavs that under reasonable conditions the long-run growth pathgediddr most
depletable resource models cannot be supported in the short run.
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9. Appendix
Consider the system
e=(w=-)g-pe+ 1,
= A[RP(v) - R3(e)] + e, 4=0,1.

<l <

gE

With y = #=0, this system includes the assumptions of linear price adjustbrg)tand
simple adaptie epectations $AE) of equations (6) and (10)With ¢ = 0 the system
includes theLPA assumption and the assumption of compound adagbpectations
(CAE) of equations (6) and (12), positve mrresponding to gressve expectations, and
y negaive O extrapolatve exectations. Wh ¢ = 1 the system includes th€AE
assumption and the assumption gpectations-augmented price adjustmemaRA) of
equations (12) and (16).

The system is locally dynamically stabld Woth roots of the characteristic
equation,

Z?2+ AZ+B=0, (A2)

have regdive real parts, which will occur fifthe functionsA and B are positie when
evduated at the equilibrium. These functions at equilibrium arendsy

A=-v* gy~ (= )9e + 1, and
B=-wW*gw

Differentiating the second of equations (A1), we obtain

gy = A/RP<0, and
ge =~ AVRS+ 620

9.1 SimpleAdaptive Expectations

We mw st y=¢=0 to onvert equations (Al) into the system GRAE with LPA,
equations (6) and (10)From equation (A3), functiondA and B are positie &
equilibrium. Sinceequilibrium occurs with constam*, g must be zero, and s* too
from Figure 6. From Figure 1 and the quasi-Hotelling supply assumated)

R5(0) = R, and R3(0) = 0. (A5)
Thus,ge =0, and the system is stable.
9.2 Compounddaptive Expectations

We mow dlow p to be non-zero; posie , corresponds to ggessve expectations and
negaive y to extrapolatve e)pectations; we maintain a zegd This comwverts equations
(Al) into the system afAE with LPA, equations (6) and (12).

Phase diagrams of this system are plotted in Figur&/&.mote thate* is not
necessarily zero, and that under @ieS assumption the resource supply at equilibrium
may be a function of the expected rate of price incre@kes can occur in caseb)( (c),
and @) of Figure 7. Otherwise, the resource supply is completely expectations inelastic.

It is necessary and digient for local dynamic stability of the system of equations
(6) and (12)) that the wvfunctions A and B be positve, equations (A3). B is non-
negaive iff «#is non-ngative. No equilibria exist in casesa] and (f); the equilibrium in
case €) is dable, sincez= ;> 0.

From equation (A3) and (A4A is positve iff
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V74
—( /) — RS X <« 7 (AG)
W= PRI < g
which is true if resource supply is independent of price expectations, as irecasé (
perhaps in casesb)( and (d). Function A is definitely positte in case b) since
(- y)R3(e*) is non-n@adive in this case.

9.3 Expectations44gmented Price Adjustment

We mow st #= 1, while allaving y to be non-zero. This cearts equations (Al) into the
system ofCAE andEAPA, equations (12) and (16).

Phase diagrams of this system are plotted in Figurgs8in Appendix A.2e*is
not necessarily zero, and the resource supply can be a function ofptieteel rate of
price increase.This can occur in case®)( (c), and ¢) of Figure 8. Otherwise, the
resource supply is completely expectations inelastic.

It is necessary and digient for local dynamic stability of the system of equations
(12) and (16) that the twfunctions A and B of equation (A3) be posite. B is non-
negaive iff «#is non-ngative. No equilibria exist in casesa] and (f); the equilibrium in
case €) is dable, sincez= ;> 0.

From equations (A3) and (A4), functidnis positve iff

—( ) — S(ax y
W= DR < — e

which is true if supply is independent of price expectations apdsipositve, as grhaps
in case @). In case ) function A is positive, since y is positve and (#— y)R3(e*) is
non-n@aive. If supply is independent of price expectations ang i§ negative, as n
case €), thenAis positve iff

(A7)

v* A RP < y<0. (A8)
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